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1. Mathematical background
Given 2 VectorsA , B :
A-B=A-Bcoso
0 =angle betweenA , B
AxB=C_1LA,B

C|=ABsine
Vector: components in coordinates
reference frame cartesian frame

X=(X;, Xy, X3) =X, € + X, & + X3 €

-

€ are unit vectors along cartesian axes
k=g

>l

v
<
Il
P4

N\

N
I

Summation convention:
3

X=X € = in €
i=1

Metri ace:
=2 (x=¥)* Euclidean metric

d=

A=(a),B=(b)

,5\-I_5>=aibi

AxB=0 © ATTBor ATLB

I RN ) }

AXB=|a, a, a,=¢€(a,b,—a;b)-¢€(a b;—a;b)+¢&(a b,—a,b)
b, b, b,

Ax(BxC)=(A-C)B—(A-B)C

Position vector X =X (t); X (t)=x;(t) &

d(X(t)-y(t) _d% o -d¥y _o .

dt A YT Xgy TryTxy

X(t)dt=8 [ x (t)dt

http://www.skriptweb.de
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1.0 Trajectories

>

X (1), V(t)=X(t)

s parameter that increases smoothly and monotonically along the trajectory

X(s,) and X(s,)

Distancealong the trajectory:

s,

(s, 8)=J[K(s)lds=[ |2 xds

| as parameter

o
xi
(@R}

= tangent vector

X = coord vector
X i A X

ar A

{
o

V=T-—=7-land T =

dt

dx _ Vv
dx v

V is everywheretangentto the trajectory and equal in magnitudeto the speed | along the

trajectory.

Moving reference frames:

Osculating plane(Schmiegungsebene)

http://www.skriptweb.de
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(principal normal vector — Hauptnormalenvektor)
d d7
Z (- 3)=0=27 —

91 (T-7)=0 T

The unit vectorB normal to the osculating plane is calleitiormal vector. (Binormalenvektor)

2
A

tt=1

1.1 Coordinate systems

Cylidrical polar coordinates

0 radial distance from z

¢ angular rotation from x-axis
z elevation above x-y-plane
Transformations

X=(x,Yy,2z)=(ecosp,osing, z)
o=Vx+ y?

y
= arctan—=
¢ X

Basis vectors Point in the direction of increasing , ¢ and z, respectively:
. 0Xloo (cosp,sing,0)

“=Pxlod 1

. O0Xlop (—psing,pcose,0) )
e‘”:|6>?/6<p\: . =(—sing ,cose ,0)
. (6xlez) (0,0,1)

e= — =

2 |oxlo 7 1

= X=0€,+ 7§,

Velocity:

http://www.skriptweb.de



1.1 Coordinate systems Page8/106

X=06+0€+26+(26,)
=0

dé, 0€do odedp 0€dz
dt odeodt o@dt  ozdt
€ =(cosp ,sing,0)
0% (s 0)

={(—SIn , COSQ ,
7o @ P
dé; . . . —
a1 =(—sinp,cosp ,0)-¢p=¢ €,
de

(24 . —

=—¢ €
at 7%
d:—O
dt
> X=06+0p €, +7E,

X
|

. ‘2 g . . . — - =
(-0 )€, +(ePp+2op)€, + 7€,
1.2 Vector calculus

We define thedel operator

0 z 0 & 0 &
= + €, + é
v axle1 00X, 2 00Xy °

Scalar field (such as temperature)
P (Xy, Xy, Xg)

Thegradient of @ is a vector field

- 0P
q_’)z_
v 0 X

&

1

i

v @ lies perpendiculatto surfacesof constantvalue @ (X, X, X;) = const which are termed
equipotential surfaces

For an arbitrary change in positiod, X =(d x, , d X, , d X,) , the total derivative of® is given by
- . 09 0P 0P 0@

dé=V d-dx=—-dx = : : (dx,,dx,,d .
v X=ox 0% 0% 00X, 08X, (A%, d X, dx)

We consider values ok, , X, , X; that give @ (X, , X, , X3) = const,

—

dé=0=V &-d %, whered X lies within the equipotential surfaces = Véldx.
V & =grad®

http://www.skriptweb.de



1.2 Vector calculus Page9/106

Calculate the gradient in terms of cylindrical polar coordinates:
o=\x"+y
€,=Cosp € +sing €
Yy
X
€,=-Sinp € +Ccosy €,
o o 0P 0 0P - 0P 0 0P 0 0P . 09
gradq'J—( 4 Py az) +< © 4 L aZ>e+

@ = arctan

Op O0X 0@ 0X 02z 0X Op 0y 0@ 0y 0zdY 0
=0
oo X
— =—=C0S
oxX o ?
op 1 .—_y_—QSin(p_—Sin(p
6X_ 2 XZ_ 2 - 0
1+<1) €
X
. o0P1 . 09
grad® =—¢€ —le

= + +—§€
90 ° 0po ¥ 9z °

L e . OV S oV
div v=V Vzaxiz,;axi
vzéxa_aeréyaiy’L:%?

R % % % L [O0Vvy 0V, L [0V 0V L [OV, OV
wnv=V>xvV=13x ax, axgzg(ax;_a&)_z(axg_a&> 3<ax1_5§

1.2.1 Line integrals

http://www.skriptweb.de



1.2 Vector calculus Pagel10/106

t
[Fdx=[F, xdt+jF ydt+fF zdt
Y t

O

F,(X(1)) z(t)

Example:
E
X

F=-g§&;
~ a cost
X(t)= o

asint
. —asint
X(t)= 0

a cost
F.X=—g acost

s

oy

[7

1.2.2 Multiple integrals

>?=—a—gfcostdt=—ag'
0

Body with mass density:

= lim AM—
H= Voo av  Ho

Specifically,wedge Calculate M :

http://www.skriptweb.de



1.2 Vector calculus Pagel11/106

z=-Syie
b Y

X

b pyre
M= fffu (x,Yy, z)dxdydz-uofdxjdy f dz-1
wedge
_ c cy
—uo{dxgdy< by+c) uo{dx( b2+cy)O

p cb abc
= dx|{-—+ch]= ;
%{ X( 2 C) Ho ™3

Consider circle of constaarea density.

A M
o= lim ——-—=o0,
AA-0 A A
Calculate M ;
Y
o\
M=[[odA

circle
polar coord:o , ¢ ;
dA=dxdy=de-odop;

2

M—Uofdgg f do=mo,R

=0 =0

3D: doodpdz=dV

http://www.skriptweb.de
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1.3 Gauss's Theorem

Momentumfield where U =p V givesthe momentumcarried per unit volume ( ¢ is the mass
density, V velocity).

v

xi

Ay

<t
>
S

Mass that flows in and out of the box.
V is constant across each surface plane of the box.

I, = Rate of flowin at x = mass that flows in per unittime at = o v, (X) A y A z;

O, = Rate of flow out at X+ A X =
oV,
oV, (X+AX)AyAz=p VX(X)+6XAX AYyA z,;
0V,
OX—|X=QWAXA y A z = Netoutward flow.
O — 1 =net flow out of the box =
aVX+6Vy+6VZ AXA YAz
®\ 5 x oy o0z Y ;
Vi

Net flow = density x component of velocity normal to the surface

Areaofsurface= 2. en-VAS

surface of the box

1.4 Stokes's Theorem
Surfaceintegraloverthe curl of a vectorfield = line integralof thatvectorfield alongthe boundary

http://www.skriptweb.de



1.4 Stokes's Theorem Pagel13/106

of the surface.

A

;;\
1)

1.5 Ordinary differential equations

1.5.1 Basic definitions
An ODE of order n has the form
YU (x)=f(x, y(x), ¥y (x), ..., y" U (x).

http://www.skriptweb.de



1.5 Ordinary differential equations Pagel4/106

Note: A partial differential equationF (Xl e Xy Uy Uy ey Uy Uy ey Uy Xn) =0

1.5.2 Special cases

'I('jype 1. ODE that allowsseparation of variables

f(x
=y =—"7 5 )d f (x)d x + C is general solution
vl a(y) g(y)dy=]J 9

Type 2 Linear first-order ODE
y +f(x) y=g(x)

with
_ e[f x)d
the general solution is

y (X “g dx+C]

Example: Yy’ + y X

Ildx In
M(x)=e* =e""=x
y(x)—Xde +C] 4+x’

1.5.3 Numerical solution for ODEs
IVP: y' =f (X, y); Y(X)=VYo; = Yy(X)=

By discretization:h > 0
convert x-space— coarse-grained space
X, Xg+ h=X,, X, +h=x,, ...

X
S
x
e
X
N
X

The so-calledfprward Euler method*“ takes solution atX, — X, .,
yn+1 yn+hf(n’yn)
Start: n=0...(x,, ¥,) = y(x)|

http://www.skriptweb.de
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2. Principles of Dynamics
Motion of objects acted upon by external forces.

Point particles, characterized By= X (t) with v (t)=X (t)

- t time" — before-after, assume that
(% (1), V(D)
can be measuresimultaneously
Assumption: [V| < ¢

— Assume thatx and V can be measured for each point particte: out of quantum mechanics

2.1 Newton's laws
Physical space: B, Euclidean metric

Consequences
— The existence of one inertial frame implies the existence of many more.
— Due to A, they cannot rotate with respect to each other.

y A
KI

K “ x

<i

v

— TransformationsGalileian

http://www.skriptweb.de



2.1 Newton's laws Pagel16/106

(3)=> IAm>0(i=1,2,3) suchthat (1)} (2):
m, v, (t) +m, v, (1) =P,

m, V, (t) + my v, (t) =P,
m3\73(t)+m1V1(t) Ps,

=X calledmomenta(Impulse), is constant.

[

P

i

ijo
— Massesarenotunique,only ratios ¢ of massess unique.Standardnustbe chosen(e.g. 1 cm®
of water at 4 ° C and atmospheric pressure).

d
at 4)

= ma+ma =0 (i#]j)

Define the force actlng on a particle by
F=ma=m

dt2

Forcessatisfy the superposition principle. The total force on a particle can be found by adding
contributions from different agents.

Remark For gravitation, a is known a priori.

2.2 Stability of solutions
F isgiven X, X, t
Setof 3 2%-order ODEs
F(X,X,t)=mX

X (ty), X (ty)

Stability of solutions

—

)?1('[0) and )?z(to) =X1(to) +6 i(to)
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2.2 Stability of solutions Pagel7/106

D X (t)=16 X (t,) <& and assumeX (t,) = X, (t,)

Then solutions arstableif
lim D X(t)=0 (D x(t,))

t—->ow

andunstableif
limD X (t)=00

t—->ow

stable @ ® °

phase
space

unstable
P o

Regions stable+ unstablesolutionsare mixed togethertightly. Sucha systemis calledchaotic (in
given portion of phase space)khibits chaos

2.3 One-particle dynamical variables
F=ma= X(t)

Symmetry= f (X, X, t)

dynamical variables characterize motion

2.3.1 Momentum

d

Do I-f:__.
p=mv = dtp

If total force =0, p is an constant of motion.
Note m=m(t),Vv=V(t)= p
Assumption: All measurements are performed in inertial systems.

2.3.2 Angular momentum

L about some poinS:
L

where X is measured from the poirs .

S must beinertial point , moves atV = const in any inertial frame.
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2.3 One-particle dynamical variables Pagel8/106

If=g—t(>?xi))=in)+>?x LR
o i

[=%xE =N

torque (Drehmoment) abouss

h=F

2.3.3 Energy and work
Often, F (X)
X (t) t . t o 1 t
(X)-d%=[F(X)Xdt=m[%-Xdt==m |
a d 2, dt

(ty)

T kinetic energy

Kinetic energyT =1/2 m v’ and the workW,. done by the force along :
W,=[F-dx

C
If W is not path-dependent, the force is caldeshservative force

If F conservative,

$F-dx=0

aroundanyclosed path, forX, , X, arbitrary.
$ E-dx=[(VxE)dS

C=0% >

2 is any smooth surface bounded by the closed fath 0 X .
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2.3 One-particle dynamical variables Pagel9/106

cyrl grngEO;
V x(VV)=0;
F

—

(X)=-V V(X);

V (X) potential energy

Note V is not unique and defined only up to an additive constant.

We =W (X,%)=[F(X')d%x' ==V V(X')dX' =V (X)-V(X)=V,-V

Vo—V=T-T,;, V+T=V,+T,=E=const

E total mechanical energy

Note E is also defined only up to an additive constant; usudl{ X;) =0 .

2.3.4 Application to 1-D motion

Numberof functionsof time neededo describefully the systemis called number of degreesof
freedom or number of freedoms

= one-freedom system, can be reduceduadrature

x : distance along line
F alongline =F (x) = necessarily conservative

~dV(x)
d x '
The energy

mX =

http://www.skriptweb.de



2.3 One-particle dynamical variables Page20/106

1/2 m x* +V energy first-integral

1 dt .
x dx - 07
m ¢dx
t—ty=1= | ———
* V23 JE-V(x)

Xo =X (tg) , X =X (t)
=>Xx=x(t—t,, E)

>

X=_ = =

v
x

¥ |— —
N

%mX2+V(x)=E

——
>0

Particle cannot enter regioR =V (x) <0

- E-V(x)>0: E=E,
If particle moves:

VT:%m)’('Zl

untl E-V (x)=0:x=0= x,.
dvVv

- < O

dx |,
= particle gets accelerated to the left

At X1 F(x)=-

— E; ! X, <X <X; motionbounded

Period:
p=y2m [9X

X, E_V<X)
dV

- ax =0 equilibration points

can bestable(minima) orunstable(maxima)
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2.4 Many-particle system Page21/106

2.4 Many-particle system

2.4.1 Superposition principle
N > 1 particles may interact with one another and also are acted on by external forces.
Only 2-particle problem can be solved generally and analytically.

A. Chencinerand R. Montgomery:3 particles,equalmass,interact via gravitation; discovered
the first exact, stable and periodic nontrivial solution of 3-body-problem

Superposition principle: Total force acting on a patrticle is a vector sum of all the forces exerted on it
by each of the other particles in the system (titernal forces) plus all of theexternal forces

Superposition principle implies that all forces can be analyzed in teri2gafticle interactions

A, B, C.Theforceon A isthesumof theforceit would feelif only B werepresentandthe
force it would feel if only C were present.

This superpositionalprinciple is an additional assumptionto Newtons'laws, it is a result of
experimental observation.

= Assume two-body forces

2.4.2 Center of Mass
F]- = force exerted on i-th particle by the j-th particle. Ifii =0
Newton's 8'law = F, =—F,

Note Abandon the summation convention in this section!

-F =0
F total external forcee sum over only external forces
M = Z m =

X

N
1 —
i 21 m X center of mass
I

Center-of-masstheorem: The centerof massof N-particle systemmovesasthoughthe
total mass were concentrated there and were acted upon by the total external force.
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2.4.3 Momentum
Total momentum

_F’)=Zmi)_8i=M)_Z
i

= F=P

= M constant> X =const= X =X, + C t

3|

= 6 conserved dynamical variables associated with center of mass

2.4.4 Energy

V=X — X position of the i-th particleelativeto the center of mass

Zm MX+ Zmyi

Total work done on all particles: initial configuration {0} (3 N coordinates) — final
configuration{ f] (3 N momenta)

Z if'('fi+ZF*u)'d>§=Z ]‘f mi);(:'di
o j s

T, o,
rhs.T,-T,
Assume: IEi ==V, V,(X); Ifij =-V, Vi (|_: - _]D
= F_’ji__F_’ij
Xlaf
ZJ.ﬁud)a:Z(V?_V.f)_Vgxt Véxt’
e - N
[ YiF;d ,=§(Zplj.dxi+ZFji.dxj)=§I F,-d (X - X))
X, | i i :;, X 1] T
1 e - .1
2 I ¥ Fidx;=3 ¥ <V'O‘_V'f1)_vi?1t Vi
= (Vext + Vi + T)o = (Vext + Vine +T) =E

Note We have assumed that the internal forces can be derived from
Vij(x)vx=‘)_(i_ij|
- dVij(x) X — X.
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Central force acting along the connecting line betwe&n and X*J . This implies:

This is asupplemento the 3¢ Newton's principle.

2.4.5 Angular momentum
Inertial reference system: Compute the total angular momentum about the origin.

E=Zmi)_(i><)?i=z)_(ix5i

The tqtal angular. momentum about the center of mass is
L.= MY XY Yi =X — X,

L=Ym (X 5,) % (X ?i)=Zmi>?x>?+Zmi2xj+Zmi yix)?+Zmi>?x?i
TS0 -0

(3“ sum: positionof centerof massrelativeto itself; 4" sum:velocity of centerof massrelativeto
itself)

The total angular momentum about the origin of an inertial system = sum of the angular momenta of
the total massas thoughall the masswere concentratedat the centerof mass+ inertial angular
momentum = angular momentum about the center of mass.

Question Does N = [ hold also for many-particle system?
Supplemento 3 Newton'slaw about FT ; guaranteethattheinternaltorquesdo not contributeto
the change in the total angular momentum.
= Need to consider solely the externally applied torque.
The external forces_apply a total torque about an arbitrary (moving) joint
NZ=ZZXFi= miziX)_(i,

where X, = position of i-th particle in an inertial frameZz, = X, — Z isits position relative toZ .
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A
X O %
Z
>
N,=Smzx(3+2)=9 Smixi+M(X-Z)xZ2=L,+M (X -2)x2:

special cases are:

a) 7-0 > Zis moving at constant velocity relative to the origin of the inertial frame
b) X =Z = Z ischosen as the center of mass of the system.
[http://www.ai.mit.edu/people/wessler/halo/mont.html]

2.5 Examples

2.5.1 One-dimensional collision between point particles

Conservation of total momentum:
mvo,+MV,=mv+MYV

mx,+ M X,
Xou =T M
mvy+MVy, mv+MV
m+M  m+M

Elastic collisicz)n — energy conserved:
mvsJr MVG_mv MV

2 2 2 2
m (V' = V) =M (V5 —V?)
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*) » v+Vvy=V,+V (*)

(*)&sl*)=>

S LV LV
m+M ° m+M *

y=m-_M, 2M , .
m+M ° m+M

Fully inelastic collision:
v=M

Conservation of momentum:
mv,+MV,=(m+ M) v

m M
Ekin, initial — > Vg + ) V<2) ;
e =m+|\/|\/2=1(mv0+MVo)2
kin, final 2 2 m + M
: u
A E|ko'23= Evin, initar — Exin, final = 2 (Vo — Vo)z ;
1 1 1
_ = — + —_ ;
g m M

2.5.2 Example: Conveyor belt

m: mass of the material (on the belt)

M : mass of the belt

v:  velocity of the system

Force?
Which force is neededo keepa conveyorbelt moving at constanspeedof 5 m/s, if the material
gets dumped onto the belt at constant rdten/d t = 100 kg/s?

The total momentum is

P=(m+M)v;
dP dm )
F —F—VF—S'].OON,
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The power, i.e. the energy transfer per unit of time
dW _zdX_p,_,dm_d_ _d v _a_ -
T P g VTV dt(mvz) dt(mv +M V) dt((m+M)v2) (2

o

2.5.3 Example: snow plow
(british: plough)

¢<¢

1

Ekin, initial — E dm Vv

dE,,=E

kin, final —

Initial momentum  p=m
Final momentum p' =

2.6 Velocity phase space and phase portraits

particles
N variables
N coordinates
N velocities

wwo =~
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V(Xx)=—Acosx; A>0,—cw<X<ow;

E=%mx2+v(x)=%mXZ—Acosx=%mv2—Acosx;

For E > A, the motion takes place entirely within one of the wells

pPerlod \/7 J‘ X ,)!‘ m

(v, x) velocity phase space
Such a graph is callgghase portrait of the dynamical system

X near O:
V(x)=V(0)+xV (O)+%x2v" (O)+...~A(—1+%x2+...);

m Vv* LA X
2(E+A) 2(E+A)
Separatrix: the curvecorrespondingo E = A separatethe boundedmotion from the unbounded

one.
Separatrix consists of 4 orbits fore [—m , 7] .
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v

2.7 Rotating frames

Inertial frame

Rotation aroundX; = Y,

Inertial frame: (Xy 4 Xy, X3)
Rotating frame: (Y1, Yos ¥a)

d

e _ w = const

dt

( w : angular velocity)

@ angular velocity vector
®| = w

@ || axis of rotation

¢=wt+e¢,,andwesetp,=0; p =wt

y,= [coswt —sinwt 0} [x,
y,=|sinwt coswt Offx,
Y; = 0 0 1 X3

Y, =X, CoSwt—sinwtX,

Y, =X, Sinw t+cosw t X,
Y3 = X3

Free particle:x =0 in inertial frame
y,=XCcoswt—X,Sinwt—-wy,
Y,=XSinwt+X,coswt+wy,
Y3 =Xg

Vio Yoo ¥3=7
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Using X; =X,=X;=0:
Yyp=w (=X sinwt—X,coswt)—w Yy,=—w(y,—wYy)—w y2=w2 Yi—2w Y,;
Y,=w (X, coswt—X,sinwt)+w y,=w(y,+wVy,)+w y1=w2 Y,+2w Y ;

Y;=0;

@ is angular velocity vector, of magnitude , pointing along the rotation axis.

Z=-madX(®XY) centrifugal force
C=-2mwaxy coriolis force
Jictitious forces*

East

Plane: moves strictly along a meridian at constant height and speed in inertial frame

2.8 The Lorentz force

The electric field atX due to a point charge); at X; is given byCoulomb's law:
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12 Fara¢

meter
permittivity of free space

E(X)=-V ¢ (%)
¢ (X)=-kq,

£, =8.854-107

H

[x=x]
A continuous charge distributiop (X)

E(i)=kfg(*-)(|f(’__—f'2d3x-

Maxwell's equationsfor static electric fields:

Proof:

Definition: TheLaplace operatoror Laplacian is defined by:

- — 62 62 62
A=V -V =div grad = + +
cartesian coordinates a X2 a y2

Definition: The &-function is a special type of function, called functional or
distribution, with following properties:

6()7):{0 X#0

o X=0
such that
[ f(x)8(X)d>x=f(0)
for any contlnuous and integrable functidn(

i

) -

r =0 case:Integrateover a small volume V containingthe origin and apply Gauss'sntegral
theorem:

sz(%)d3x=fﬁV (%)d3xea=ussfﬁﬁ (%)ds
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dS=r’dQ;
d Q =spaceangleesin6d¢ do;
V_4Tr|'3_

==

fﬁﬁ(%)ds;ja—ar(%) rdQ=-fdo=-4n
! .

S

V-E('x’>=—A¢<i>=—kjd3x'e(ﬁm(%)ﬂnke(‘x');

Magnetic fields: One never finds isolated magnetic charges or ,monopoles*, only dipoles.

diveurl A=0= B (%) =V X A(X)
A (X) : vector potential

A(X) is not unlque since

A(x

)
)= A(X)+V A ()
B (X) does not changedurl grad A =0)

Such a transformation is callgauge transformation

The total electromagnetic force on a charged particle with chgrge

This force is conservativef FdxX=0,sinceV is tangent to trajectory.

SupplementWhat is the difference between experimental and theoretical physics?
Theory Develops mathematicalschemesto solve dynamical equations. Focuseson
predictions of a system's dynamical behavior, based on postulated fundamental laws.
Experiment Develops reproducible, accurate measurementtechniques. Focuses on
measurements of a system'sdynamical behavior, in order to check the theoretical
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predictions, with the ultimate goal to check and to reduce the number of fundamental laws.
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3. Lagrangian formulation of mechanics

Sometimes particleis notfreeto movein Euclidean3-spacéutonly in arestrictedregion.Sucha
systemis called a constrained system The particle'sareaof motion, configuration manifold, is
neither Euclidean nor 3N-dimensional.

= Equations of motion must include information about the forces that give rise to the constraints.

How Newtons'equationscan be rewritten such that constraintsare takeninto accountfrom the
outset= Lagrangian formulation of dynamics.

Lagrange equations

same physical content as Newtons' equations

easier to apply to dynamical systems

symmetry

variational principle
3.1 Constraints and configuration manifolds

3.1.1 Constraints and work

The motionis often constrainedy someexternalagentsapplyingforcesthat areinitially unknown
(body gliding on a table, a swinging weight of a pendulum).

Supposeone is dealing with a systemof N particles and that the constraintsare given by
constraint equations

fo=(X,....%,t)=0; j=1,2,...,K<3N; (1)

X, are positionvectorsof the N particles.The f ; aredifferentiablefunctions. t -dependence:
e.g. surface of a table could be waving.
Constraints of type (1) are callaslonomic (means integrable).

More general: ‘
fo(X, . Xy, Xy, Xy, t)=0; j=1,...,K<3N
callednon-holonomic,

Other:
fj()?l,...,x_,:, ,t) <0

Example: 1 particle N =1; 1 constraintK =1
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X

X=F +C
(X, X, t) known external force

FTI S

z

A

.

Particle
Path

surfacep =0
>

y

C unknown force of constraint that the surface exerts on particle.
C force that ensuresthe particleto stayon f =0 but otherwiseto poseno restrictionfor the

particle
C L surfacef =0

f (X, t) = const be the equation of any surface V f (X, t) L surface providedy f #0:

V f #0 on the =0 surface
Example: f,(X)=5-X=0
f, (X)=(3-X)°=0

V f,=3 whereasV f, =0
= only f,=0 is acceptable

of.
If N>1, K>1, the matrix{a ’} ;a=1,...,3N; j=1,..., K be atleast of rank K.

04

C=AV f(%1)
5 o= =) X(t)

mx=F +C
f()?,t)zo} 32’5:))

unknowns: x(t), y(t), z(t),A

4 equations for 4 unknowns

C is also callechormal force.
Assumg that the external force:

»Z_VV<)_(”t)
mi-izﬂ(lmkz) —V-X+AV
dt "2

f(x(t),t)=0

df & . = f
_t—Vf'X'FE—O

dav & s 0V

E—VV X+_t

dE_d[1 2, y]oav 5.0
dt_m[zmx+v] t°
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<

surface
particle

If the surface moves, the particle on it also moves.

Friction: Here: Only constraint forces thak ﬁ f

3.1.2 Generalized coordinates

mX=F +AV f

f(X,t)=0

Choosearbitrary vector T tangent to the surface f=0,i.&¢:-V f =0
(m%—F)-#=0 (%

= 2 linearly independentvectors at eachpoint X and hence?2 linearly independentvector
functions of X and that describe a tangent to the surface.

(*) yields 2 equations forx (t) + f (X, t)=0 ... 3%equation.7-V f =0
1 particle in 3D-space can have at most 2 holonomic constraints.
fo(X,t)=0; f,(X,t)=0

C=A,V £+, V1,

trajectory

Systemof N particles:K independenholonomicconstraints We drop the summationconvention
for this section.
m; )_(. =F, +C,
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K
C=>2AV,f
j=1
oV dE of
—=0>—=—-) A —*
t 7 Tt ; I ot
N
Now let T; be Narbitrary vectors ,tangent to the surface‘z TV, f,=0;, j=1,...,K
i=1

0
If — is of rankK, this equationgivesK independentelationsamongthe 3N component®f the

N vectors T; so that 3N-K of the components; are independent.

Z(mi )_(. _lfi)'f:i =0

Example:A particle moves along a vigid rod that rotates wih a given angular velacity

A A
y y
€
Am/v €,
\(p=wt
x> x>
f,=2=0

f,= arctan(;y) —wt=0
z=z=72=0= eliminate z-coordinates all together

y=psing
The equation of motion isn X = A grad f,
grad=¢, -2 +¢ 1o

Pap <Ppa(p
%=(p-p@?)E+(pd+2p )6,

grad f2=é;,l

A

Componentalongg,: mp—m p @>=0

http://www.skriptweb.de



3.1 Constraints and configuration manifolds Page37/106

> . . A
Componentalongg,: Mp@+2mp @ = >

—~
~
8

<P

P

The projection(mi*'(—A grad fz)-?zmi-%zo
ismp-mw?p=0sincep=wt=p=w.

Kt

Is a linear homogenous ODE with constant coefficienty (t) « €
p(t)=Ae”'+Be“'
General solution:
*) ¢=w,p=0
A
zmp=—
p
C=Agradf,=2mw’€, (A’ -Be™"
Now we return to our N-particle problem: Picking th& to statisfy:

>V, f,=0(j=1...K)
i=1

means picking the generalized tangent vector with 3N-K independent components.
Define 3N-K generalizedoordinatesq®™™ « =1, ..., 3N — K suchthattheyuniquelydetermine

all particlecoordinatesX =X (q" g* ..., g™ “,t) i=1,... N andguranteghe equationsof

constraint to be obeyed for any values of q®,

f (X (g ...q"t), %, (q"...q"t),... X (g" ... q™)) =0 or

fo(% (g .. q"t), ..., X (q*... " 1)) =0 for arbitrary {q*] andfor j= 1,..,K wheref = 3N-
K is the number of freedoms of the system.
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Generalized Coordinates:
g°:ax=1,...,3N =K

- X=X(q",q",...." ", t) i=1,..,N

(q,....9",t),%(qg",...,q", t), ..., Xy (9",...,q", t))=0
3N —-K forany {g"}] Aj=1,...,K

3.1.3 Examples of configuration manifolds
Greek indicesrunfrom1t;m =3 N — K

The finite line

N | —

Motion of bead along wire.

N=1,K=2=n=1,
Dimension of Q =1
Generalized coordinate-1/2<q <1/2

The plane
ParticleonatableN =1, K=1=>n=2;

X

q=x,9"=y;

[ ]
y
The Double Pendulum

—_—
Spherical pendulum suspended from another are:
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N=2,K=2:32-2=4=>dmQ=4
a“: ¢y, b,,0,,0,

3.2 Lagranges' Equations

3.2.1 Derivation of Lagranges' Equations

-

X, F, and T; use g

Notation: Wewill usethe summatiorconventiorfor greekindices(1... n=3 N — K), butwe
continue to use summation signsfoe=1... n.

Proof: (1) f, (g",...,q", t)=0 must be obeyed fanyvalue of { g .

of,
aEO
oq
N - N 0 X of
2) Y7V, £ =YV, f —L=eZ 10,
@ 2 =" 2, g 2
Choose:{¢*} ={1,0,0,...],{0,1,0,...],
N - N 6)‘("
2. (m X, —F)) =0 a=1,..,n;
i—1 0q
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N -
2. F

o X N . o X
I=_ZViV' (.’(:_GV’
q i=1

I

-

(8))
R

0 q dq
8

Like Newtons'equations Lagrangesequationsare a setof 2"-order equationsput now for the
q ().

3.2.2 Examples
1:
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A
y
p=wt
q=¢
X=pCOSw t
y=psSinwt
z=0
V=0
Ll 0)=T=2(X+y+2);
X=pCOSwt—pwsinwt
y=osSinwt+pwcoswt;
. m .
Lie.o)=% (&"+w’o%);
oL s 0L e
aé Q’ ag Q’
p—w’o=0;
Old way
f,=2=0;
f2=wdm(%)—wt=0
0]
A
y g )
eQ
(@)

m§=Agmdu_
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2.

Two particles m; , m, areconnectedy aninextensiblestring of negligiblemassandof length |
which passes over a frictionless pulley of negligible mass.

ml
V¥ X

g =X; (1 degree of freedom)
=9, ¥,=—R,z=0;
X, =1-q,Y,=R,2,=0

_1 . 2 .2_1 L2,
T—E(mxl +m2x2)—§(ml+m2)q :
V=-mgx,—mgX,=—mgqgqg—-m,g(l—q)=-g(m,—m,) q+ const

. 1 .
L<q!q)=§<ml+m2) q2+q<m1_m2)q = <m1+m2)q=<m1_m2)g;

3. Planar Double Pendulum

yA >
1y
Py m,
1 om,

X, =1, sin @,
y1=—l, cosp,
2,=0;
X,=l;sinp, +1,sing,;
y,=—l, cosp, — 1, cosp,
z,=0

ml . 2 - 2 m2 ; 2 -2 m12-2 m2 2 .2 2 .2 -
T=7<X1 + Y )+7<X2 +Y, )=7 17 @, +7(|1 G, ¢, +21 1, cos(@, —@,) @

V=mgy+mgy,=—m+m,)gl cosp,—m,gl,cosp,;
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L=T-V;

3.2.3 Transformations and Conservation of Energy

Proof: Jose and Saletan.
o° L
04’ oq"
Take q (t,), g (t,) : Hessian Condition
%L
det T x ~ o F #0
0q 0q

Hessian Matrix

4°=G,(q,9,1)

Problem: Given L=> E=T +V?

Single particle, cartesian coordinates:
oV

—=0
0 X
T=tmesx2t 1 =x2T tiv=Tiv=E
2 0 X 0 X
2T
General case:
. « OL
E(g.9)=q am—L

g
e d [eol [ Jogeol  ged (OL) 0L 0L aL
at |9 3¢ 4" —— +d" e el M

dE _ oL

d ot

O(%L dE
ot 2%y %

If L=T -V istime-independentandi®é V/0 =0 = E=T+V.
3.2.4 Charged Particle in an Electromagnetic Field
F=e(E+VxXB)

In this subsection, us&V for energy.

F.=e(E,+¢&,4, V' B,)
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1 (« B y)isaeven orcyclic permutation of (1 2 3)
€45y =1—1 (& B y)isanticyclic or odd permutation of (1 2 3)
0 otherwise

Levi-Civita antisymmetric tensor density

€123=1, €,5,=1, &53,,=-1;

Elxz_ao((p_atAtx;

- = o A

E=— - ZA

( Vo 51
Law of induction

Bﬁ(=€(x5},_}6ﬁAy

(B=curl A)

_ 0 _ 0

0, = , 0, = ——

“Tox*T ' ot

vi=x*
mv'=—ed, p—ed A, +ee,,, Ve , 0,A

EaByEyuv:6au5ﬁv_5av6ﬁu

s = 1 «oa=p
«F 0 oa#pP

mv'=-ed,p—-ed A +e(V' o, A~V o,A,);

dA, (X,t
(0, A, und 0, A,: —#

dt
d v
Hz(mv“+eAa)+aa(e<p—ev A)=0
¢ does not depend on*, A, does not depend on* =
L=%m>‘<2—e<p(5<',t)+e>'<5AB(S<’,t)=%mX2+e>?-A(>?,t)—ecp
w=q 2= -

0q

:W=%m>‘<2+e(p

3.3 Central Force Motion

Considertwo bodies(masspoints) m; and m,, interactthrougha force directedalongthe line
joining them and depends only on distance between the mass points:

m, X, = F (X)
m, X, = —F (X)
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F = force that particle 2 exerts on particle 1 akd= X; — X, .

1 1 1
_=_+_
g m  m,
or
rnlrnZ
m, + m,

is reduced mass

Therelative motion of the two bodies single equation of motion:
F=-VV;
V=V (X)=V(r)

Angularmomentumvector J = py X X X is constantSince J is alwaysperpendiculato both X
and X, X lies alwaysin a fixed plane perpendiculato J which is determinedby the initial
conditions.

Choose: J || z-axis

1 .
L=— —V =
2ux (r)

[X=0€& +op€,+

p(r+r2¢*) =V (r)

—- .

1
2
26, 7=0=>X"=9p"+0"p°]]

two freedoms:r , @

In addition, L' = L™ +% M X?

d

D — r =0
P (Hr @)
r:u'r'=ur<p2+d—\r/=0

r
@

V, =r¢
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|=urvl=ur2('p

u r2 ¢ = const= | = magnitude of|J|
> dvVv
F-——+2Y 0
H u r3 dr
or

fmd (2 vin)=o
H dr 2ur2

This is equationfor a one-dimensionamotion of a single particleof mass ¢ undereffective one-
particle potential.
|2
V(r)= +V (r)
2 u r?

—2“r2+V(r)

equivalent one-dimensional problem

V(r)= —sz (x=GuM=Gmm, or x=2Z¢ for +Z e (nucleus) and—e (electron))

centrifugal barrier

\N/(r)A \
AN
AN
| AN
E - -
‘\‘ T~ unbound
- — bound motion
E e
\\\ ;7//// :
-
/ r
/
~ 1 .2 |2 1 .2 1 2 .2
E=T+V==pur"+ +V(r)==pur"+=ur +V (r)=const;
P H (=S ut"+Zur e +V(r) :
1 »
Eoig =E+5 M X*;

( X = const, initial conditions)
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3.3.1 The Kepler Problem
Kepler: born in Weil der Stadt

V(r)=—$, x=GuM=>0

1
u=-—;
r
dV _ & _ 2
dr 2
2
d_(l)+...
dt* \u
|2U2d 2d 1 |2 3 2
— (U —=|-——Uu+axu =0
H u> do do u u &
__1du
C Zde
multiply by |2IJU2 :
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2
_d U2 _ + 0(_2‘1 =0 )
do |
2
du , oon
do I
ODE of harmonic oscillator
1

u —=%[5 cos(¢p — @,) + 1|

p
¢ (called theeccentricity) and ¢, are constants of integration

If ¢ =0= orbitis aclosed circlep,=T1m

%:%[1—5005@]
O<ex<l
|2
=TT =r . =—————— perihelion
5 :
=0:r(0)=r =—0— helion
P () max (XU(l—f) apelo
Ay
r
¢ X
rmin r‘ma\x >
(x—ael v P ___P ”
22 Y 9 a= b=—+— =
a2 pz 1-¢*’ 1-e P au
r=r..: v.L position vectortothe sun= |=r_ uv
ol et > _pal(e+1)]
2 MY T 212
o (e+1) &Cpu(l+e)2 (2 -1 2
ve- 2t porgyopeletd) ocullre)z pelle 21y 2ED,
r 21 .2 21 U X

min

If e<1 (E<O0) = closed orbit
If e=1 (E>0) = open orbit, hyperbolic § > 1) or parabolic € =1)

(K2): pr®>¢ =1I=const
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d
o de| roe

1.

~r'dep=dF;

2 P ;

%rz(p:F:const;

3.4 The Tangent Bundle TQ
Lagranges' equations ar&-arder ODE on the configuration manifol@ .
Velocity phase manifoldl’ Q .

Consider 2 particles move on the 2-D surface of a sphgfe:
The velocity vector of each particle is tangent to the sphere:
V € [ tangent planes of all points S?)

The differencebetweenthe velocity vectors(at two different points) doesnot lie in eithertangent
plane.

The LagrangianL (9, q,t); g E{q“|o< =1,...,n=3N — K} :

L depends on a larger manifold that is calleB Q) velocity phase manifold
dm(TQ)=2n q,q

Tangent bundle or tangent manifold of Q .

ThespaceT Q is obtainedrom Q by adjoiningto eachpoint q € Q thevectorspacecalledthe
tangent spacd , Q , of all possible velocities at], which are all tangent t@ at this point.

T @ is made up of@ plusallthe T, Q for g€ Q.
Each pointinT Q is (q, q)=1{(g",q"),«=1,..., n| analogousto(x , V)

Through each pointg , ) € T @ passes just one solution of the E M, one phase trajectory.
Therefore phase portraits can be constructed i@ .

Example: Plane pendulum

Q=S'={p|0<p=<2mn}; pe(-n,x)
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o/
Nl | LY
\UIRRRD

T S'isacylinderto each ¢ € S', we attachaninfinite line. Theline attachedo ¢ is T, S' and
is called thefiber above ¢ .

On T @, the Lagranges' equations are a sdirsf-order ODEsfor the q* (t) and theg” (t) .

: . d . .
n equations:H (q, q, t)ﬁ(q)=G (q,q,t)

. . d
n equations:q = a1 (q)
= 2 n equations for2 n unknowns

The initial conditions for thes& n 1%-order ODEs are th& n initial values

(4o do)={a" (0), g* (0)} .

Thus,giventheinitial pointin T Q , therestof thetrajectoryis uniquelydeterminedanalyticallyby
the E, M or graphically by the phase portraits.

Example: Plane pendulumE =% m 1> ¢*>—m g h cos¢g = const
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y TN

(0,0)
hanging down

(m.,0)
straight up
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4. Topics in Lagrangian Dynamics
4.1 The Variational Principle and Lagranges' Equations

The Action
Examples of varionational problems:

A. Givenafenceof afixed length.What shapeprovidesthe largestareait cansurround?Answer:
Circle!

B. Optimization: How to choosesome parametersn orderto make some function or value an
extremum?

Show: a dynamical system moves so as to minimize the action
t1

S=[L(q,q,t)dt

t

trajectory q (t): S is an functional ofq (t) , depends ong (t) and all of t € [t,, t,]

q(t;a)—Sq

q(t;b)—S,

S{g(t)] = Minimum , domain= function space

Families of trajectories starting &t (t,) and ending atq (t;): q(t; ¢)
e =0: S=Minimum

t
ds d
(FEO_[d_;[L(q’q’t)dt]go_o
d _
Az, *
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JOL sgra 2L s,
0

oL
oq” 0q

oL . .« L d « _d oL « d oL «
5 g = — (60 =-— sq*|-|— sq:

Orderofd/d t and d/d ¢ is arbitrary.

oL d (oL . d [oL _ .
sL=|2=_2_ S+ s
[6q“ dt(aq“)] g dt[aq“ q_

t

[l..]sq dt=0

to
applies toany ¢ -family of trajectories

6 q° are arbitrary (vanish at end points)

oL d oL
- =0
ath dt aqa

=

f , he F vector space with componentd .} , { h,}
If (A,6q)=0 forarbitrarys qgeF = A=0(AL6sq)

A —O0L d foL
ath dt aqzx

Inclusion of constants

Given: Q,LeTQ; dm(TQ)=2n

Wish to add additional constraints, may be holonomic or nonholonomic
fi(q,q,t)=0 j=1,...,K

where K < n are the additional constraints.

Variational method: We now require that tbemparison pathssatisfy the new constraints.
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Now: 6§ g€ F (6 Oy = 86_(1) are not arbitrary but are restricted by (*)

6szafj aq“+afj aq“=0
0¢ 0q” 0¢ 0q" 0«

Multiply each of theseK equations by an arbitrary sufficiently well behaved functigr(t) :

K P
IZ[ f q+2\6’aq]dt—0

=1 Jaq 0« "oqr o«

Use same trick as before to convert

ofd_ aq“ _)d (

aq dt dt
f o q”

A = A0 =0:

J.Z[ v( dt( q>:| agdt (JZ I q) O!

t, |
,allowed" & q-vectors that satisfyf ; =0.
Note that we still havel A, 6 q)=0, ALésq, 9 qlz/\j -

(L+ZA f) aa(L+§:1Ajfj)=

A; are called_agrange multipliers
E L + Z AT

24

5q

Q.

Q)

o

Q.

Fornonholonomic constraints
If constraints depend linearly on general velocities, use a trick:
Assume f; =f,(q) =0 are holonomic
= then we defin@ew constraints
df, of,
g;=

dt aq . 4°=0

Example: A particleof mass m thatmovesundertheinfluenceof gravity ontheinnersurfaceof a
cone x? + y2 = a z Which is assumed to be frictionless.

http://www.skriptweb.de



4.1 The Variational Principle and Lagranges' Equations Page55/106

V=mgz
L=%m(g‘2+gz<‘p2+‘zz)—mgz
Additional constraints:f =p—az=0 (K =1)
RN PN E:
pd (oL} _ot_ .o
Dt (59) 9o N7 Mle-ed)=A
d oL oL d 5 .
-~ | == —=O u _ 2_=
i <0<P> o9 07 Maple®)=0=me¢=|
d oL oL o B
(3)H<a—) a———)\a = mz=-mg-—-Aa
Inserting (2) into (1) and setting Z =9
|2
= a_
At)= 1+a( mg mgg)
_1(1)V1 g
¢72\m) 2 2
; I
d)_mgz
Z=90

4.2 Molecular dynamics

V(rij)4s[<%> (%)] iy <fr.

first fraction: resistancéo compressiontepulsionat closerangeprovidedby closedinner shellsof
atoms

second fraction: attraction leading to binding

Liquid inert gas (argon):
Van-der-Waals attraction
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‘ — —

r,—r,;|, € governs the strength of interaction, length scale

()[40 -

mr,= ) F,=F,
-1
(j=#1)

Kinetic energy per atom is
N
K . m V2
N 2N i; !
Macroscopic temperature of an ensemble of particles:

S T=21 ivz
2B 2N &

ks =1.3806510%° J K™ Boltzmann constant

Lennard-Jones, Los Alamos National Laboratories

Boundary Conditions:

Homogenousbulk systems:solids, liquids, gasesin container. N ~10”° m™3, Computer:
N <10’ atoms.

Number of atoms near walls:
2

3 1
~N*~10°=
m

= 1: 10" atoms

Simulation: N ~ 1000: roughly N ~ 500 lie close to walls!
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Periodic boundary condition
1-D:

2-D: Torus

>3-D: n-dimensional Torus
Infinite space-filling array of identical copies of the simulation region:

2 consequences
— Atom leaves to the right= reenters to the left

— Atoms lying within r. of a boundary interact with atoms in an adjacent copy of the system
= wraparound effect

Integration:

— Runge-Kutta Method

— Leapfrog method (,Bockspringer®)
h=At timestep

in<t+g)zvxi<t_g>+haxi(t>;

rqo(t+h)=r,(t)+hv, <t+2>

Errors:
O (h*) for r
O (h?) for v

Typical timesteps for atomst fs =10 ° s
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Constraint method for constant temperature

Initialize: random positions , random velocitiesv such that:
Z Vv = given temperature

N
%mZFf:aT:const
i=1

as constraint.
ﬁ=% I5i+Aﬁ; multiply by F,
T=0= X7, =0.
_ Zﬁ'f.
mzr.iz

Modify the leapfrog velolcity equation:

\Z(t+g)=(1+2\ h)ﬁ(t—%)+h(1+%) F, (t)

where

2V (1)-F (1)
2 V()

= A

A=-—

and

v7<t>=v7(t—2)+2 £ (1)

Interaction computations: Cell subdivision
Force felt by 1 particle:

A/I\
effort o« O (N?)

Concept of cell subdivision:

Divide simulation region into a lattice of small cells with cell edges slightly exceeth length.

L7 L

Atoms areassignedo cells on the basisof their currentpositions = only atomsin adjacentcells
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interact.

Because of symmetry: only half the neighboring cells need to be considered.

Data organization: linked lists
Economizestoragelinked list associates pointerwith eachparticlethat pointsto the nextuntil a
pointer value 0 is encountered, terminating the list. A separate list is required for each cell.

4.3 Cyclic coordinates

d (oL _oL
dt \oqg" oq’

q® does not appear i
= 0 La =0= 6_La = constof motion
0q 0q

oL

P ,q,t)=——
;(0,0,t) o

Generalized momentum conjugate tog” :

Such coordinatey’ is callescyclic or ignorable coordinate

If initial phasepoint lies on any submanifoldwhoseequationis of the form P, =C, the motion
stays on that submanifold.

Example 1
L=Zu(rP+r2¢h =V (1)
=P, Ea—(; = u r’ ¢ =conserved= C

Example 2 A free particle in cartesian coordinates
L =% m(X° + V¥ + Z°)

=P, = % = m X = conserved
0 X

Note If g" is ignorable,then 6 L/6 g’ =0, which meansthat L doesnot changeas q*
varies, or L is invariant under translation in the g* directionin T @Q .

4.4 Dissipative Forces in the Lagrangian Formalism

N N . a)‘(’l

(m X, —F;)——==0 «=1,...,n
i01 . 0q
F.=—VV(X,..,Xy)
. 0X - 0X
ZFi ;:_Zvi :x:_ava
i-1  0(q i 0q 0q
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Now: IEi = F*P‘ + F*Di
where curl, F»P‘ =0 but curl, F:,i #0

> F, 0% _p
- Diaqa_ o

. 00X
ZFi (Ix=_a\/¢x+Dtx
d_ oL —6L=Da
dt \oqg" 0 q°
L=T-V
Fp=-b Vv, b>0

Theseforcesdo negativework on the particleasit moves = leadsto energyloss.Forcesarecalled
dissipative

L 0X L0V - <
B I e LN
0q 0q 0q" 12
Note V; are therealvelocities, ¢ are generalized velocities.
F is called theRayleigh function

The rate of energy loss:

dE _d (w0l | \_o@L , od (0L) dL
dt dt\9 ag T o T Tat\ag) dt

_ge (9 (oL)_ oL z_qaaﬁ
dt\og*) o o 4"

Cartesian coordinates:
—Z vV, F, = Power loss= rate of energy loss
i

Example: Equilibrian lattice constant of an inert gas crystal

The lattice constant of a simple cubic lattice. Crystal: periodic.
Equnlbrlum Atoms at rest

tot ZV
rj = \ri - ri‘
Atoms: denumerable set
r=a(né+mé +ke,)=au,, n,m,keZ integers
a: lattice constant

ri (i, ) —=0,1])

——
|

Ea=3 LV (=5 N 2V ()
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s’
s

[ J
1 o 12 o 6

Ee== N 4 —

o2 ) [n;k < a unmk) n%k < a unmk) ]
a<r, <1§a

Zk' Unmk =6 ("' means:n=m=k=0 excluded)
2 Um=6
nmk
dE

da a
Experimentally: all inert gas crystals have lattice constants whére~ 1.09 (face centered cubic)

12 6 1
o _0=-2N 5[12-60—13—6-60—7]:E=26=1.12
a (02
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5. Scattering and Linear Oscillators

5.1 Scattering

Consider a central-force dynamical system that possesses unbounded orbits.

>

e Force

center

"

Angle betweenthe distantincomingvelocity vectorandthe distantoutgoingoneis the scattering
angle

Considerbeamof noninteractingparticlesincidenton a stationerytargetconsistsof a collection of
other particles.

Theflux density or intensity | of beam=numberof particlescrossinga unit areaperpendiculato
the beam per unit time.

v

\4

A = beam's cross-sectional area
n = number of target particles per unit area = density of target particles

Assume: beam particles interact with target particles through a hard-sphere interaction
= Cross-sectional area of this interactionds= m (r + R)* where

r =radius of target particle
/5

R =radius of beam particle

A\ 4

O O

= The total interaction cross section that the target particles present to the beam is
z =nAoc—-—No

N = number of target particles within the cross-sectional area of the beam

= On the average, the number of collisions per unit timg {:
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o=m(r+R)

Scattering rate: number of particles scattered out of the beam per unit time =
S=1Y =INo

For arbitrary interactions: total cross section,, per particle:
out-flux
= [ared

g = ; .
in-flux per unit area
In experiment: place a detector at some distance from target

Detector‘
Beam [

e

G /e(

LA
target

colatitude 0
azimuth ¢

Detector subtends a small solid angle2? =sin6d 6 d ¢

unit sphere ‘
|

dQ
=sin6dodao

detects a number d S of particles, dS=1 No (6,¢p)d Q, where o (0,¢) is the

differential cross sectionand
Utot=f0(9’(P)dQ'

Singletargetparticle N = 1 ; central-forcanteraction.Let this targetparticlebein the centerof the

beam
= o=0(0)
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e

Yvyvy
]

2na(9)sin9d9=d|—
d S = number of particles scattered into angles betwéeand 0 +d 0 forany ¢ .

Consideran incident particle aimed somedistance b (called the impact parameter) from the

target particle.
: [
¢

Qg/e_

v
>

The part of the beamthat lies in the ring of radius b andof width d b getsscatteredhrough

angles0 to 0 +d 0 .
Theringhas2 mbdb.

Number of particles scattered inth6 interval =
2mbdb-I

A
2mwb(0)db=—2m o (0)sinodo
b depends on initial onditions

<t

2

b =impact paramet

l=pvb
At r=—0:
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1
E=2uV
5 H
l=bVv2uE
Total energy of relative motion was
E=l u r'2+l pr>@>+V(r)

2 2
d | d

it arde

[
2 2 2
E= ! 4<dr>+ ! > +V (r)
2urt\do 2ur
do dr \
7 ~(5v)
= integrate motion fromr, to r

o= i35 [

rz\/E—V(r)—

Angle ¢ o scattering angle®

2;1r2

0= —-2¢
9=1T—2bJ‘dr

©y \/rz[l—%]—bz

where 1, is the minimum radius =V... .
Apply this recipe to the Coulomb forc¥ (r) = +«/r , beam particles of mass1 =
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0, (Coulomb) = f dQo(0)=w
= long-range nature of Coulomb potential

Real potential:
(84

F—e '
r
screened Coulomb potential

0. 0) d o # particles scattered inta Q per unit time
o , = = - - - — -
PTaa T # particles incoming per unit time and unit source

o)

¢b impact

.target

NN\

Differential cross section (,differenzieller Wirkungsquerschnitt®), solid angle (,Raumwinkel®)
5.2 Linear Oscillations

5.2.1 Linear Approximation, small vibrations

g, = stable equilibrium point of a Lagrangian system in one freedom
Potential energy is:

V(a)=V (go) +(aq—0o) V' (do) +

V' (gy) =0

(CI - qo)2 \'A (qo) t+... (Taylor)

N
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A
Vv
>
qC q
X=Q—Qy=
. 1 -, 1 2
L(x,Xx)==mx"—=kx
(x, %)=3 >
. 2 k
=>X+w X=0, w=4—
m
k=V" (q,) force constantor effective spring constant
X(t)=acoswt+bsinwt=Ccos(wt+5)=Re(ax€“)=ae“' +« &'
Ezlmxz+1kx=1mCszsinz(wt+6)+1kCzcog(wt+6)=1kC2=const
2 2 2 2 2
=k C?
.2 2
X~ X
72~ L
w" C°C
).(A
VRN
7 \
U
N g
Origin: x=x=0

1
L=2>m.,(a)q g -V (q)

V (q) has minimum at samel, :

oV =0 VB=1,...,n

0"l
g, is stable equilibrium point

V(x)w% Kop X" X
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__&V
“Fax axt _,
X" =q"—dp

x =0 is minimum = K, forms a positive Matrix, i.e.
V(X)=K, ,x*x*>20 WV x#0

|2 is calledforce constant matrix
M,z (q)=M,;+ R, X +..
T>0= M, is positive definite,
M, x*%x">0 V¥ x>0

= to lowest order inx
L=2 Maﬁx“xﬁ—%Kan‘*xﬁ

=

2

o -1
Ag =M., K

1.2

L=2(x,ﬁni)—%(x,ki)

Note M~ exists sinceM is positive definite.

Equations ofn coupled oscillators:
LeT, @, X=(x") aredirectionsinT, Q,and (X, ¥) =X, Y,

A=M"'K

Solutions are calledormal modes < Eigenvectors and eigenvalues gf
AX=2AX

> X=-AX=—-w’X

Normal frequencies w . The eigenvectorsoscillate like independentone-freedomharmonic
oscillatorsandthus point alongthe normalmodes.The w aresquarerootsof the eigenvalue®f

A-
w real=>A=0
A=0: ¥=0= X=At + B force free motion of the whole system

Let & be an eigenvector:

Ad=w’d
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>%X(t)=d(ad ' +a €'“)=28[Acosw t+Bsinw t]

X(t)=> & |a, € +a, e

a=Rea+ilma=as+i«;
(g +io)(coswt+isinwt)+(ag—ie)(coOswt—isinwt)=2azco0swt—2« Sinwt

Example: Idealized linear classical water molecule

let equilibrium distance between neighboring atomsbe
Xo—xXo=b,x;—x3=h

V(Xl’XZ’XB):E[<X2_X1_b)2+(x3_xz_b)2]

2
qi=Xi_Xi0
k
V(qlaq2’q3)=§[(q2_q1)2+(q3_q2)2]
L m /. . M . m /. . M |
T 0% % ko= T (560 2) + M= (g2 62) + M
1 3
L(q,CI)=§ Z [Mijqiqj_Kijqiqj]
i =1
l 0O O
. [m o o\ . S . 1 -1 0
M=0M0,M*1_0V0,K=k_12 ~1
O 0 m 1 0O -1 1
0O 0 —
m

K k
V=E[2qg_cbql_q1Q2+q5+q§—q3q2—q2qS]=E'ZKijqi q,
1, ]

11

m m
A=M7K=k|-Lt 2 _L
M M M
o, 1 1
m m
AG=w?Ge (A—w?E)§=0
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Ko ko
m m A:k
det(A—aw’E)=0=| — K 2K_ 2 _K J_ m
M M M u:L
0 _k L_wz M
m m
A —w? —-A 0 , ,
—H —H 2 u—w —u
= - 2 u—w’ — =A + (A —
H H—w ;12 0 A—w ( ) . o
0 —A A—w

= A (A —w)+(A-w) [(A - ) (2u—w’)—A u
=(A—w2)[(2\—w2)(2u—w2)—22\yJ](A—wZ) w’ (w’=2pu—2)=0

~_

=w2(w2—2y—)\)

= Normal frequenciesw

N B 6
ql_ O ’q2= _ZV |q3_ 1) «
-1 1 1
(qllzl)
1
q, (t) 1 1
q2<t) _ 0 [0(1 i w; t+0(1 —i w,; t}+ _2% [0(2 i w,t +(X2 |UJzt}+ 1 <a+Vt)
ds (t) -1 1 1

m

g, (0)=-A,0,(0)=Ar",q;(0)=0

q,(0)=0 Vy

Cosw, t +CoSw, t
1

g, ()] =5 A '—Z%a-cosabt

—CoSw, t +cosw, t

X=+AX=0
A=M1K
AX=AX ;| A=w’
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1) Givenanarbitrarysquarematrix A,.,, &;€IR.Then A possessesxactly n eigenvalues
AMEC.If A #A;, Vi, ],thenthere exist exactly linearly independent eigenvectors.

2) Given areal symmetricmatrix. All eigenvaluesrereal.If A; #A,, V i, theeigenvectorgre

orthogonalto each other. If an eigenvalueis p-fold degeneratedthere exists p linearly

independeneigenvectorshat may be orthogonalizede.g. by the Gram-Schmid-Procedure}
Orthogonal eigenvectors

3) Given A,B. A, B arereal symmetricmatrices(nxn). If AB#B A = AB is not
symmetric. Therefore, its eigenvectors are not orthogonal even thougiA; V' i, j

AX=w’X
L o o[ X K o
m m m
1 k 2k k
A= = -~ £ 2
0 M 0 M M M
0 0 i 0 _L L
m m m
Mt - K -

1 1
I\/I_1|25('=w2_’
o 1. .1
M2KX=w’M 2%
o l. oL 1.1 o1
M2KM?2M2X=w?>M?X
I SR
M2KM?2y=w’y
koo kg
. . m Vym M
M2K M 2= XK 2k K
vm M M Vm M
o K K
Vym M m
1
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5.2.2 Forced and Damped Oscillations

One-freedontase:undampecarmonicoscillator driven by an additionalexternaltime-dependent
force F (t).
If the force dependsonly on time, it caneasily be fit into the Langrangiarformalism. The time-
dependent Lagrangian
L'(qg,9,t)=L(q,q)+qgF (t) (L' does not mean ,derivative“)

oV

g=——+F (t

m ¢ r ()
Oscillator:
L=1mq2—1kq2+qF(t)
2 2

Assume: Driving forceF (t)=F,cosQ t

w : angular velocity of the oscillator
Q2 : angular velocity of the driving force

e - —

A particular solution has the form
Ccos(Qt+y)

(*) = y=0,C= L
’ wy —Q°
General solution of (*) forQ2 # wy :

focosQt

2 2
Wy

A, 6 depend on the initial conditions.
Q -termis in phasewith driving forceif Q2 <w,. If Q> w,, q(t) oscillatesout of phase
(phase factorrr ) with driving force.

Q=w,:

g(t)=Asin(wyt+6)+

f,tsinw,t
q(t)=Asin(wyt+6)+-— 0"
2 w,

Forced Damped Oscillator

G+2Bq+woq="f(t)
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B= % is the damping factor

1. . - .
(F=§bq2,FD=—bq)

f(t)="f,cosQt

(—B+i w)t

g, (t)=x € xeC
w = w; — p* is the so-calleshatural frequency
Real solution:

e”'[Reacosw t—Im «sin w t]

x=a€’ wherex,5€R

= Req,(t)=ae’'cos(wt+4)

= Complex phased of « is thephysical phaseof the oscillation.

The complex solution:
.I: — .I:O eI ot

Phase differencey between the driving force tg@ “* and T is

@

, Q
=we—Q°+2ipOQ=>tany = 26

2 2
wy— 02

Steady state am|p|it|ude:
f 0

V(w?— Q272 + 4 g2 Q2

| 1=

| I'| has maximum when

Q=\w)—2 p?
maximum value is
It

2B
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6. Rigid Bodies
6.1 Introduction

6.1.1 Rigidity and Kinematics

Definition: A rigid body is anextendedcollectionof point particlessothatthe distance
between any two of them remains constant.
The configuration of the body:
— by position of an arbitrary point (3 coordinate)
— by its orientation relative to the axes of an inertial system (3 angles)
=>dmQ=6
Common: fixed point= pivot

If sum of the externalforcesvanishes= centerof massdoesnot acceleratemay serveas pivot
even if body has no fixed point
Henceforth: assume that there isiaertial point A in the body

Describe motion of a rigid body in the inertial frame. Rigidity implies:

(Lthat thereis aninstantaneousaxis of rotation @ , i.e. aline in the bodythat passeshroughthe
origin A and is instantaneously at rest.

A

(2)all pointsin the body move at right anglesto @ at speedgroportionalto their distancefrom
this instantaneous axis

Inertial point A = {Ct_-i‘nter of mass
pivot

X # A, X-[X| = const

d 2 - >

— (X)=2Xxx=0

g7 ()

= There mus be alinev in the body that is instantaneously stationary.
@ ist instantaneous axis of rotation , speedXfis X=w r,.

w : instantaneous angular speedr rate of rotation
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Definition ; Instananeous angular velocity vector
— w A, —
D:—==d; |®=w;
ol
= X=0o XX

6.12 Kinetic Energy and Angular Momentum

In inertial system, originA . Mass densityu (X) .
T=2 [ nRdx=2[xdm:

Xe =& m W, X (implied summation)

)'(2=Xk Xe =& im W) Xy & j W; X =(6, O — 0

T=%w|[f(6”x2—xI xi)dm]wi=%

||i5f(5|i XZ_X| x;)dm
are the elements of theertia tensor or inertia matrix (G: Tragheitstensor)

19 mv
2
| >0=31"; | issymmetric
= diagonalizeby orthogonaltransformation=thereis an orthogonalcoordinatesystemwhose
basisvectorsare eigenvectorof | . In this coordinatesystem | is diagonal:principal axis

system(G: Hauptachsensystenthe eigenvalue®f ]' arecalledprincipal momentsor moments
of inertia (G: Haupttrdgheitsmomente).

_[1, 00
={o 1, 0

0 0 I,
T=%(Ilwf+lzw§+l3w§)

w, are the components o in the principal axis system.

Example: Uniform cube of sides; pivot A is at a corner.
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Xz

v

Xq

X3

S S S 2
I11=I22=I33=ufdx1fdx2fd X; (Xo+X)==pus

0 0 0 3
l,,=1,,= pfdx fdx, [dxgx x, ps
0 0 0
3 3
1 = =
8 8
2 2| 3 3
=tme[-32 1 3
3 8 8|’
3 3
33
8 8

M = u s’ = mass of the cube

Eigenvalues and eigenvectors of the matrix

1 60 «
3
A=la 1 « , & ="3
x « 1
1-—A I 1o
det(A—A E)=0=det o 1-« o
I I 1-A

1
1 - _ 1
A =2x+1==
1
11 o
)‘2=)‘3=1_0‘=§=>qzj-qu-ch
1 11
== M s, L=ls=5 M &

Angular Momentum

The angular momentum of the rigid body is
J—fu x><xd3X—fx><xdm
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[ix(&Xi)]izfijkxjfklmwl Xn=(6;16;m—06im0; )X, @ X, =(5, XZ_Xi X)) w,

J=1,word=1a&
Example:
A
X3
J__A X2 o
7
a
"=
=3
Q0
w=|o0
0
2
. 2 1 ¢ allO 3
J==Me|a 1 allol=MeQ 21
3 111 o 4
X & _1
4

6.1.3 Dynamics
The equation for rigid body motion was (2.4.5):

N, =J,

Z : both vectors must be calculated about the center of mass or about a pivot

Space and Body System
1) A noninertial system, called tHeody system B, is fixed in the body and moves with it.

Note We shall denotecolumnvectorsthat contain the component®f a vectorin a
given coordinatesystemwithout an arrow. Sincethe componentsxXg of the position
vector X of any point in the body are fixedz = 0.

2) An inertial systemcalledthe spacesystem S. We write Xg for therepresentationf X in S
and Xs# 0.

Both origins are atA (inertial point). For some time both coordinates coincide.

-

Supposesomesuchcoordinatesystemis specified. Then X is fixed in the body, X is the rate of
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changeviewedfrom the specifiedsystemand @ is the angularvelocity of the bodywith respecto
the specified system.

In particular, if the systen that coincides instantaneously witd, X = & x X reads

Xs = wg X Xg (¥)

We can extend (*) to an arbitrary vect@r in the body, one that may be moving in the body system
B . Its velocity Sq relativeto theinertial system S is thevelocity w X s; it would haveif it were
fixed in B and velocity S; relative to B :

Tells us how to transform velocity vectors betweBnand S.
If § in this equation is angular velocity,
Wg= wWg X Wy + Wz = Wy

=0

= The body and space representationsiofand @ are identical.

Dynamical Equations

If (**) is applied to $— J
Je=w X Jg+Jg=w X(lyw)+ 15w
= Equations of motion read®N s= w X (1,)+1 w .

In the principal axis system, this reads
N1=(|3_ Iz) w3 w,+ 1w,
N,=(1;—13) w; wy+1, w,
Ny=(1,—1;) w, w; + 15w,

Euler Equations

Rigid bodies: 6 degrees of freedom

Inertial point, pivot:

remains fixed
center of mass

ds) _(98) 4 axs
dt Js \dt /g

@ instaneous angular velocity
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S

REREN(E
NZ—E(JZ)—E | @

|, = angular momentum

]' = inertial tensor

I\TB=d J_'B+([)’B><_>B=IH-&')+&3><<|H J))
dtg

Principal axis system:

. I, 0 O

l={0 I, O
0 0 I,

_lz) w; w,+ 1, w;

(1

3

(1,—13) w;, wy+1; w,
(12

Euler Angles

let x, y, z denote axes afpacesystem
Xy, X, , X3~ bodysystem
b,y ,0

N, =
N, =
N, =

_|1) w, w; + 1, W,

wni-

v

(X, ¥, 2Z) o (X, Xy, Xg)
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Rotations through finite angles: not commutative!

Angular velocity vectors are commutative.

Therefore, 3 — @ + ¢ + ¥

Euler angular velocity vectors are directed along their instantenous axes of rotation:

Y| X, ® ||z, ® | modal line of 2 planes
@ =(w,, w,, w,) inspace system

o =(w,, w,, w,) in body system

w, =¢ sin 0 sin ¢ + 0 cosy

w,=¢ sin @ cosy — 0 siny

w,=¢ CO$O +

6.1.4 Example: Jet-Driven Space Craft

X, X,
A A

/

2,5 rri
\4
'_‘><

@ jct

4m

m = 200C kg
radii of gyration 0, =0, =1,5m ; o, =1.75m
< the principal moment of inertia in x-direction i, = m 9)2(1 ,l,=m 9)2(2 yly=m Qi

Initially, the spacecrafis atrest.Then,thejet firesfor 1 s. It hasathrustof 25N thatactsparallelto
the X;-axis.

— AXis of precession?
— Angular velocity and the rates of precession after the jet has stopped?
1s'part: let t =0 be the time when the rocket is turned on. We usebtbdy system

M=1d+dX(l @)=1,w, &+1,w, &+, w,&+0 (w?)
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w® < @ during that 1s.
M=FXF=(s &-5,6)xXF &; (s,S)=(4m,25m);

After 1s:
—-25m-25 N

w,; (1)= 2
2000kg (1.5m)

w, (1)=-0.0163rad/s

w’ = w?+ w;= |® (1)|=0.02rad/s

-1s=-0.0139rad/s

W,
tangp =— =0.85= ¢ (1)=44,5°

w,

\4
x
4

@ et

The capsulés rotating around a momentary axis that points along the negative 1- and 2 direction.
L=1,w, €§+1,w,&+1,w;E,
L (1) = —2000(1.5)* (0.0139 & — 2000(1.75)* (0.0163 &,

Ll
tan@ = > =0.63= O (1) =32°

N

2. part
Motion after rocket has stopped.= 0

http://www.skriptweb.de



6.1 Introduction Page82/106

—

@ (1), L (1) became initial values for the subsequent motion.
Remain in body systemM =0

[
. [dL . .
Le. | — =0 = L does not change in trepace system

Spacesystem

3 2
=1,= w,=0= w,(t)=w,(0)=—0.0163rad/s
|

w,(t)=Ccos(yt+0)
wi;(t)=—Csin(yt+0), y=AB

t=0: w, (0)=-0.0139rad/s, w;(0)=0
= 0=0

w, (t)=w, (0)cosyt
w;(t)=w, (0)sinyt
y=AB

w} (t) + w3 (t) = w] (0)

—

Rotationaboutx,-axisin the (X, , X,) -plane, @ alsomaintainsits initial angulardisplacementg
with respecto the x,-axis. The conethattracesout is calledthe body cone(,Polkegel“). motionis
with respect to( X, , X, , X3) fixed in the body.

Frequency of rotation around theaxis: P = A B = —0.0059rad/s; L stays fixed.

Inertial system: @ rotatesaround L with afrequencyof rotation Q . This motionalsogenerates
cone called thepace cond,Spurkegel).
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»
»

Xy

body cone

o
w

spacecone

-

Theseconeshavealwaysa commonline of contact.Thus, @ actsasaninstantaneouaxisandthe
general motion can be characterized by noting that the body cone rolls on the fixed space cone.

Calculate rotation frequency? :
P will turn througha distanced s=a w dt about @ . It will alsoturn througha distance
ds=bQdt withrespecttoL. =

sin @ rad

aw=b0=>0=w— =0.2616—.
sSin 0 S

6.2 Lagrange Equations for Rigid Bodies

d - . -

— (I @)=M

efficient only if M =0 or fixed in body.

We consider pivoted bodies and take the origin of the body system in that pivot.

Pivot = X (center of mass= rotational and translational motion are decoupled
Pivot = fixed = only rotation

We choose3 Euler angles ¢ , ¢ , 0 as generalizedcoordinatesWe assumethat the potential
energy depends only on those coordinates and on time. Then

o-(1 @)
2

In principal axes, we have, in terms of the body-system comporierdasd w;

2 2 2
_|1w1+|2w2+|3w3

rot — 2

L<¢)1w19’(i)!(i/!9)=Trot_U= —U<(b,(l/,9,t)

T

I . . I .
+32(¢ sinecosw—esin(p)2+§(¢ cosO+ @)Y —U(¢p,y,0,t)
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7. Hamiltonian Formulation of Mechanics

In somecasesa systembecomeseasierto understandandto discussby choosingthe generalized
coordinates q* and the generalizedmomenta p* ratherthan q* and q* as independent
variables. Such a change in variables produces pairs of first-order rather than second-order ODEs.

oL .
q-a()

pa=a

L, g areall functionsof (q, g, t) ratherthanof (q, p,t). Assumewe caninvert (*) to get
g intermsof (q, p, t). The right hand side of (**) can be transformed: Replagén 6 L/0 g

by q*(q, p,t). The partial derivativeof L (q, q,t) with respecto g* is notthe sameas
thatof L (q, p,t)=L(q,dq(q,p,t),t).
3 B B
6L‘x= aLa+6IT 6qa= 6La+pﬁaq (q,ap,t)
09" 09" a89°0q* aq GR

oL o [+ Y
= L b 1 t - 1 b t
o aqa[ (g, p,t)=psa°(q, p )]
The derivative oflli with respect top,:
aﬁzzaLaqﬁ_p 0 q°

op. o8q’op" "opa

‘o

aapa [I:(q’ p’t)_pﬁqﬁ(q, p,t)]=—q

Definition: H (q, p,t)=p,;q°(q, p,t)— L(qg, p,t) is calledthe Hamiltonian
function or theHamiltonian.

For many dynamical system& =H =T +V whereL=T - V.
y_OH(q,p,t) . _ oH

q a pB ’ B a qﬁ

Hamilton's canonical equations: Are equations of motion in the Hamiltonian formalism.
(q(t), p(t))-manifold.

The term ,canonical“ mearstandardor conventional

Examples
1) The Lagrangian of a particle in a potential

L=%H&%x;+gﬂ—vupxpxyw
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p=£=mx
| axl |
2

H(x, P =P =3 N2 v (x, )= (i Pt B4V (X, ) =T +V
_oH_ oV _

b= ax, ox

g OH _P

' op m

e mX= —gradV
2) The Lagrangian in an electromagnetic field was

. 1 4. .
L(q,q,t)=§mqﬁq‘*—ecp<q,t)+eqﬁAﬁ<q,t>

(B=1,2, 3 implied summations)
The generalized momenturfd, that iscanonically conjugateto q” .
p,=mqg +eA,
This canonicallyconjugatemomentumis not equalto the dynamicalmomentumm ¢” but has
an additional contribution fromA .

1
= H(q, p,t)=m6 "Ip—eA (q,t){p,—eA (q,t)+ep(q,t);

H= p—eA)P+ t
2"m(|o eA)+ep(q,t)

= mgd=F=e(VXB+E),

fo Vo 2R

curl A=B

7.1 A Brief Review of Special Relativity
guantum mechanics:h - 0 - classical mechanics
relativity: C—o o - classical mechanics

Einstein'sspecialtheoryof relativity: compareghe way a physicalsystemis describedy different
observers moving aonstant velocityith respect to each other.

Galilean transformation (V < c¢): One observerseesa certainevent X , t ; secondobserver
Vix,t;
X=X—-Vt,t=t

Lorentz transformation (V|| X, -axis):

i1 1 VXO] \0 [ 0 VX':| 02 2 i3 3 .0 1
X"=y|x - Xo=y X —— | , X =x", X=X, X =ct,y=———
[ c c V1-V?/ ¢

1

Introduce 4-vectorsx = (x°, x*, x*, x*) (c=1, light years for distance)
The geometry of the 4D-space-time-manifold is caMidkowskian .

In Euclidean gemoetry
AS=(AXP+(AX)P+(A X
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is invariant, whereA X is the separation between two points.

In Minkowskian geometry:

Aco?=g,, AXAX =—(AX)P+(AX+(AX)+(AX

where A x=(A X, AX,AX, A x3) is the space-timeseparationbetweentwo events
u=0,1,2,3.

Minkowskian metricg, , =0 if p#v; 9;;,=0,=0353=—0po=1

Special relativistic generalization of Newton's equations is
d>x* d x
—=ma =F"|X,—, 7T

dr dr

X, a, F arefour-vectors.The mass(calledthe rest masg is a scalar.The scalar T is calledthe
proper time (,Eigenzeit”): it is measured along the motion and is defined by
(dt)=-g,,dx"dx
—(d 1P =(dx")P+(dxX*)P+(dx}-dt*=vVdt’—d t’=—(1—-V)d t°

t 1

dr=—,y=———
Y V1 —V?/c?

4-vector generalization of the 3-vector velocity has components

m

d x*
ut = — uu'=-1
dr ’ i
= velocities are limited in magnitude
=y
k
k k d x
u=yv = k=1,2,3

V¥ is the nonrelativistic velocity
Want to find Hamiltonian of this relativistic dynamics:
Le=T (V) -U (X)

T, U arerelativistic generalization®f the kinetic and potentialenergies,v and X arethe 3-
vectors.

The 3-velocity should satisfy the equation
0 Lg ‘

oV
(Latin indices go from 1 to 3, Greek indices from 0O to 3)

e P

where V¥ = (V')* + (V?)* + (V*)*. V is the 3-velocity of the particle.
OT _ m\f

oV 1-¥

= T=-m 1_\72+CZ_TIn+C;

P=mu=myV=

1 -
v<<c:>TN§mv2+u

Relativistic Lagrangian of a conservative one-particle system is
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Le=———U (%)

Y
Relativistic expression for energy
oL - -
Er= v —Lp= PV —La= PV —Le=my P+ 21U (%)
ov Y
- y(1—i>+—+u (X)=my +U (%)
Y Y

a%

=

V- Lg I(pk+—+u()

y:[__' [t =V

my VpP+m® pP=pf pf

6.1.1 The Relativistic Kepler Problem

We take2
e

U=—.
r
1916 Sommerfeldobtains correct first-order expressiondor the fine structure of the hydrogen
spectrum.
2

. €
H= 3/2+m2—T,r2

=X-X
Motion is constrained to a plane number of freedoms is 2t , ¢

2, Py > € oL oL
= +— T T T == . ==
P r? m=y P 0P b=
@ is again cyclic= p,, = conserved
r=r(¢) instead ofr =r (t), @ = (t)

Hamiltonian equations of motios>
_ q
1+ecos| I' (¢ — )]

wheree , I', q dependone, C, p, and the total energy .

e2

¢ pq,
r =r (¢) isnota conic section, i.e. the orbit does not close. Orbit looks likesgessing ellipse
= fine structure in a hydrogen atom.

r=1- #1
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7.2 Canonical Transformations

7.2.1 Hamilton's Principle

6S[q]=6fdtL=6fdt(paqa—H(q, p,t))=0

«=1,...,n S=S]ql,q(t),q(t,)

S|[q, p] . For given boundary values
6q(t1>=6q(t2)=016 p(t1)=6 p(t2)=0

6q t,
tl
ép
t,
. 0H . 0H
s§Slg,pl=)dt|{d,—==— )6 P —| P +=—]60"
{ 0 Py 04,

used:

Jp.sd.dt==]p,sq.dt

Hamiltonian equations of motior» 6 S=0

5 S[q, p|=0 Hamilton's Principle

Because we havé q =0 and 6 p=0 at the boundaries, we can add

d
HF(q,p,U,

the transformation

. . d
Py d,—H - p, g, —H +HF<q, p,t)

leaves the canonical equations of motion invariant.

7.2.2 Choice of Coordinates and Momenta

Can we introduce new coordinates and momenta in such a way that the canonical equations have the
same form but are easier to solve? Can we find a funchidriq , p, t) such that
Q.,=Q.(a,, p,t), P,=P,(qg, p,t) (canonical transformation)

that do:
. _oH . __OH
“=ap. "o,
into:
Q}x=6H pz_aH

op,’  * 0Q,
2
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§[dt(p,d,—H(q,p,t)=6 dt(P,Q,—H (Q,P,t)=0

t t

) . . d
= paqo(_H:Po(Qa_H +(FF(qlplQlP1t)

Function F is calledgenerating function of the transformation.
F depends only on 3 sets of independent variables suah, a8 ,t or q,Q, t.

Let us chooseF = ,Q,1):
£ QY

(9.Q.t) _ ,  OF
dt =20, % To0. Xt o
0F (g,Q .t
p, = 2F L a )= p.(4.Q.1
Jq
0F (q.Q )
= - =P ’ 1t
o Y% «(d,Q,1)
. 0F (q,Q,t
H QP 1)=H (q,p,1+IF Q.U
Example: The Hamiltonian of an oscillator is
PP mw’dq® . p . 2
H—2m+ > @q_ﬁ,p——qu

For the generating function

F(q,Q)= 5" q°cotQ

pz%zqucotQ
_ 0F mwq’
0Q 2sin°Q

Can be inverted to give
q:1/ri_PsinQ, p=v2mw P cosQ
w

H'(Q,P)=H (a(Q,P), p(Q,P))=wPcosQ+wPsin"Q=wP
The new variableQ is cyclic. The canonical equations are

: oH . OH
P=——=O’ = ——=

0Q H.Q 0P ‘“
=>P:const:;:;;Q(t):wt+B;

7.3 Hamilton-Jacobi-Equation

Can we find a canonical transformatioi' (g , Q , t) such that

() H(Q.P.)=H(a,p,0+Z =07

Conditionleadsto a PDE for W thatis calledthe Hamilton-Jacobi equation. It is ideally suited

for studying the relations between mechanics, optics, quantum mechanics. The equation (*) obeys:
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_O0W(q,Q,t) _
- aqa pa(q!Qrt)

oW (g,Q,t)
P, =— =P , Q. t
o ErE «(0,Q,1)
H=0=Q,=0,P,=0= Q,=a,=const, P, =b, =const

Pa

Assume we have solved this PDE and found

W(g,,9,,---,Q,,8;,..-,a,, 1)

that depends om constants of integratior, . This solution leads to the equation
_ 6W(q ,a, t) invifion

o4 o q(x=q0((a’b,t)
0q

ba:_aW(q,aa,t) invifion D, = pa(a’b,t)
0a

If H does not explicitly depend on time,

Example (cone on a tilted plane (homework))
1 2 2
H=—
s (Pt pl)+mgz
1 6S(x,z)2 1 <3S(x,z)2 _
2m( d X )+2m< 0z tmoz=E

PDE Ansatz:

= X
Nl w
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3
S=S(x,z,E,a,)=1a,x— 12 (2mE-a,-2m’g z)?
m- g
0S 0S 0S 0S
= —_— = — =__+ —_
P= Gy Pe= g, =gt b=
= X (1), z(t), p(t), p,(t)
1
—m—g\/ZmE—a2—2m2g2=t—b1
g 2mE—a_ g
=>Z(t)——z<t—b1)2+ng——Et2+C1t+C2
= parabola
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8. Nonlinear Dynamics

8.1 Introduction
Irregular, unpredictable time evolution = ,chaos*

Chaotic dynamical systems are deterministic.

For non-chaoticsystemsslight changein initial conditionsleadsto differencesin the phasespace
trajectories that grownearly in time.

For chaotic system, the error groesgponentiallyin time.

= ,Sensitivity to initial conditions.” {913 Poincarg

For chaos, the irregularity is not caused by random forces, but is part of the intrinsic dynamics of the
deterministic system.

Necessary conditions for chaotic motion

(a) the system has at least 3 independent dynamical variables

(b) the equations of motion contaimanlinearterm that couples at least 2 of the variables
Example: damped, sinusoidally driven pendulum of mass(weight W) and lengthl :

d’o
dt®

In dimensionless form:
do  1do
dt* qdt

g is the damping (or quality) parameteg, is the forcing amplitude wy, is the drive frequency.

m |2

0 .
+yF+WIsm9=Acos(th)

+sin 0 =g cos(w, t)

Rewrite:
dw
dt
d¢
T —w
dt °
do
dt
¢ is the phase of the drive term. 3 variables ( 0 , ¢ ).

:—%w—sin9+gcos¢

=w

8.2 Tools for Chaotic Systems
8.2.1 Phase Space
Phase space: diagrafix , V) or (X, p)

Undamped pendulum in small amplitude approximatisim 6 ~ 0

d’ do

— +60=0; wzﬂz

d w do .
—=-0,—=w=>0=acost,w=asint.
dt dt

In adeterministicsystem, trajectories have the following properties:
(a) Orbits do not cross each other.

http://www.skriptweb.de



8.2 Tools for Chaotic Systems Page93/106

(b) Conservativadeterministicsystemsreserveareasin phasespacej.e. all pointsin a givenarea
of phase space move in such a way that these points occupy the same area at all times.

The propertyof volume/aregoreservationeadsto a classificationof a dynamicalsysteminto 2
categories:

— conservative (linearized, undamped)

— dissipative (linearized, damped)

depending on whether the phase volumsiay constanbr contract respectively
do do

dt2 +H+9=O—>w=9=0

Attractor : Pointin phasespacea finite setof initial coordinates(0 , w) convergego it. The set
of curves that divide one basin of attraction from another is cakgeratrix.
8.2.2 Poincaré Section

Fully nonlinear, driven, and dampedoscillation. For moderatelydriven pendulum system,the
resulting closed orbit is an attractor, it is callelinait cycle.

A Poincarésectionis constructedoy viewing the phasespacediagramstroboscopicallyin sucha
way thatthe motionis observederiodically.For a driven pendulum the strobeperiodis the period
of the forcing wy .

8.3 Visualization of the Pendulum's Dynamics

d—w:—g—sin9+gcos¢>
dt q

do

dt

do

dt P

8.3.1 Sensitivity to Initial Conditions
Observe the phase space evolution of a block of pendulum states.

8.3.2 Phase Diagrams: Chaos and Self-Similarity
— Drive force amplitudesg will be varied.

2
— wD=§,q=2

3-D space(0 , w, ¢ ), 2-D space, Poincaré sections

g = 1.5: Poincarésectionshowsa chaoticattractor,called strange attractor. The fine structure,
when magnified, resembleghe grossstructure.This propertyis called self-similarity. One can
characterize these objects by non-integdramtal dimension:

d>1 but d <2, the attractor is more space-filling than a line but less than an area.

8.3.3 Bifurcation Diagrams

View the dynamicsmore globally over a rangeof parametervalues:bifurcation diagrams. In
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dynamics,a changen the numberof solutionsto a differential equationif a parameteis variedis
called bifurcation.
Pendulum: examine a graph of at a fixed phase in the drive cycle versus the drive amplitude.

Wheneveianotherstablestationarysolutionpopsup, onehasthe effectof period doubling. System
cycles between two values @b for each set of initial conditions.

Mechanicabscillatorpossesse? stableoscillationfrequenciesthe systemcanbetunedto eitherof
them by appropriate initial conditionsiechanical flip-flop

8.4 Towards an Understanding of Chaos
=f(u,x,)

X, n-thvalue ofxe (0, 1); u:parameter;f : (0,1)—(0,1) map

8.4.1 The Logistic Map
dn+1 f( ) [an(l_xn),XE[O,l]
ﬁ =pux(1-—x) Verhulst, 1845

The fixed point is stablefor all initial conditionswhen p =2 . Remainstrue for all ¢ where
x)| <1 attheintersectionof f and X,.;=X,.As soonas |f (x)|>1 attheintersection,
the flxed point oscillates.The passageo chaosthrougha sequenceof period doublingsis one
important feature of the logistic map. The period doubling mechanism isooite to chaos
Theratio of spacingdetweerconsecutivevaluesof p atthe bifurcationsapproacheanuniversal
constant, calle@eigenbaum number

lim B« " He-1 5 — 4669201 ..

k- Hi 11 ™ Hy
8.4.2 Ljapunov Exponent

= Quantitative measure of the sensitive dependence upon initial conditions.

Initial states,x and X + €, then aftern iterations their divergence may be characterized by
e(n)~eé€'"

where Lyapunov exponent gives theaverage rate of divergence

If A <0 = evolution is not chaotic.

If A>0 = nearby trajectories diverge chaotic.

X +1= f (Xn)

Afternthstep
£ (xg+¢)— XO ~E

e’
In[f( (Xo—f—s ]
x)))

fV(x)=f (f

) is the value after n-th iteration. For smal,

A (X )—Ilmiln

n — oo n

”()
d X,
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Apply chain rule for the second iteration:

d_ e _d _ P
ax 10 =g O] =006 Ox6) = F () F ()
X1=f(Xo)

(n) n-1 n-1
A(xo)—llm%In d:(& =|im%|n Hf' (x,)|= lim % DoIn | (x)

8.4.3 Intermittency Route to Chaos

By intermittency we mean the occurance of a signal that alternates randomly between long, regular,
periodic phases (so-call@étermissions) and relatively short irregular bursts.

X,.1 = f (x,) if mapapproachebutdoesnotcrosstheline X, ., =X, andrunsnearlytangential,
one gets intermittency:

Celestial mechanics:Asteroids betweenMars and Jupiter: maintain seemingly stable, almost
circular orbits for years, suddenly develop large eccentric#teshooting stars.

8.4.4 Phase Locking
Phasdocking is saidto occurwhentheratio of the frequencyof a pendulumto that of the forcing
becomes locked to aratio/m (n, meIN) , over some finite domain of parameter values.

Standard Map

0,,, =[@n +Q K sin(2 @n)] mod 1
21

There are 2 parameters(Q , K) and ©,€(0,1). The modulo function guaranteegeriodic

boundaryconditions. 2 is rotationfrequencyof ,winding number“in the absenc®f nonlinearity(

K =0). K strength of nonlinear coupling of the oscillator to the forcing.

K=0:

0,.,=0,+0Q mod1l;

Q=04: 0.3 0.7 0.1 0.5 0.9 0.3
After 5 iterations return to initial value; 2 revolutionss W =2/5=04=0Q .

Whenever (2 is rational,the mapis periodic. Whennonlineartermis added modelocking occurs:
the motion becomes periodic even wheh is irrational.

8.5 Characterization of Chaotic Attractors: Fractals

Dimension of a geometrical objet¢iausdorff-dimension or capacity-dimension

Considera curveof total length L . Assumethatwe cancompletelycoverthisline by N (&) one-
dimensional boxes of size on a side.
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N(E)'E:L;N(E>:L%;

2-D square of side. can be covered by
2
_2(1
N (e)=L <E>
boxes.
For 3-D cube: Exponents are 3.

d
. In N (&)
N (e)=L%(= -
(¢) (e) =>d INL+In(1/¢)
_In N (¢)
Ahausdortt = !I_r,no m
Koch curve:
N
1 1
4 1/3
16 1/9
4n

nin4d In4
_nln3_ln3_1'26

H

http://www.skriptweb.de



9. Basic Concepts of Electrodynamics Page97/106

9. Basic Concepts of Electrodynamics

9.1 Electrostatics

Static charge distributior (T) . Force that is felt by a test charge-€) dueto o (F) :
Forcep = e E (X)

-1 = (X=X 5,
E(x)—4”0fe( )—7(_%30')(

&, =vacuum permittivity or dielectric constant of vacuum

curl grad=0:

PDE for ¢ (X):

(@e

(b)boundary conditions fokp (X) on a closed surface
2 types of boundary conditions that occur frequently:

- Dirichlet boundary conditiong = preset value

vacuum

- von-Neumanrboundarycondition: E,=—V , ¢ (= normalderivativeof ¢ ) is specifiedon
a closed surfaceV, ¢ =0

9.1.1 Multipole Expansion
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xi

P 1 0 1 o 1 s
= =—C = =-0C ==,
X.|X—X' S0 0 X ‘X— =0 0% 1
1 1 -, o 1
=) x %=
‘i—' r i; LoX T
3 3
.o - . of 1 N
f(X=xX)=f(X)+ D> X — +...+= XiXj o= -+t
( )=Tf(X) I; e 2”.21 T ox ox; 1
. D.% 3 X X
4n50¢(x)=%+prsx+%_z Q; |51+

q=[d’x o(x) istotal charge
p=[d°x X o (x) dipole moment
Q; = f d*x (3x, X', —r'?5;) e (') quadrupole moment

A%zOforr;ﬁO

9.2 Magnetostatics

ﬁ .B = 0 no free magnetic charges, no monopoles

Electric current density:J = in units of positive charge crossing unit area per unit time.

Direction of motion || J
Units: Amperes per square meter
Current density is confined to awire current=J-A.

Microscopically: point charges & with velocities V, :

o (X,t)=2.0,6(X—X(t))
J (X, 1)=2q,9 (1) 6 (X=X (1))

¢ : Dirac's delta function (is a functional):
Jdxf(x)6(x—x)="f(x)
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Distribution:
&

!lino‘[d x f (X)m: f (XO)

Conservation of charge demands relation betwgen J via continuity equation

Gauss's theorem:

fd3x<§£%§LQ+dN3(Q,U>=O

Magnetostatics: steady-state phenomend/ - j =0

Considera filamentarywire which carriesa constanturrent | . In the presencef otherconductors
(e.g. current-carryingwires) that wire feels a force. The elementalforce d F experiencedy a

current elemend | of the wire obeys
dF ol ,dFocldT|,dF LdT

dF (X)=1d T xB(X)
magnetic induction B or magnetic flux density B
We now determinethe magnitudeof B generatecy a current-carryingwire: Consideragaina

filamentary wire.
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The elemental flux densityl B generated by a current elememt| at an observation poinP is
Ho | d I x%

41 X

1, = (g, %) vacuum permeability

dB=

Biot-Savart-Law

S My opwoo (X=X LM e J (X ,
B (%)== [ 3 )><<|f )fls)d?’x:—:Tfo‘y((»‘) d® x
X—X -

- V -B =0 (correspondingtoy/ x E =0)

-

V B (%)=, 3 (%)

<
X
us )
1)
o
I
=
o
) S—
[
=l
o
QD

—i

d 1=y,

n—=— o

(&)
S
o
o))
|

=
o

OO N~y
us )

| is the total current passing through the closed cutveAmpere's law.

—

B(X)=V xA(X)
- 3 — Ho J(X'> 3, -
A (X) 4nf‘i_)?|dx+Vq/(x)

A— A+V y Gauge transformation

V x(V xA)=p,J
V(V-A-V*A=p,]J

V-A=0; (but V-V ¢ =0 for arbitrary ¢ )
= Coulomb gauge(fixes ¢ )

- -

2 A(R) = —py J
Magnetic field H: B = u, H
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= Ampere'slaw:V x H = J

Dielectric displacement D= £ E

= V-D=g (divD=p)

Force always containg and B (H and D are only auxiliary elements)

9.3 Time-Varying Field
Time-dependent magnetic fields induce electric fields and vice versaectromagnetic fields

9.3.1 Faraday's Law

Faraday 1831 observed that a transient current is induced in a circuit if

a) the steady current flowing in an adjacent circuit is turned on or off

b) the adjacent circuit with a steady current flowing is moved relative to the first circuit
C) a permanent magnet is thrust into or out of the circuit

Faradayinterpreted(correctly)the transientcurrentflow asbeingdueto a changingmagneticflux
linked by the circuit. The changingflux inducesan electricfield aroundthe circuit, theline integral
of which is calledelectromotive force E :

Themagnetic flux passing through the circuit is
F =f B-fida
S

The electromotive force around the circuit is
E=$E d]I
C

E' is the electric field at the element | of the circuit measured in the rest frame of the circuit.

= dF
E=—+—

Faraday a1

The induced electromotive force aroundthe circuit is proportionalto the time rate of changeof

magnetic flux linking the circuit.

Thesignis specifiedby Lenz's law: inducedcurrent(andaccompanyingnagnetidlux) is in sucha

direction as to oppose the change of flux through the circuit.

Experimentallyverified that the samecurrentis inducedin a circuit whetherit is movedwhile the
circuit throughwhich currentis flowing is stationaryor it is held fixed while the current-carrying
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circuit is moved in the same relative manner.

We can write Faraday's law more generally as
$E-dT=-3 [B.fd
C d t S

—

da

The area of the circuit changesltlya =vdtxd | ; da=nda

d - oB . - 0a oB . >, -

—fB~nda=f—~nda+fB-—= —-nda+§3B-(v><dI)

dt s Ot S t t CW
= -(BXxv

$lE -IxBldi=-[<=.fida

C S

In an inertial frame: Let us conside3 and C fixed in space.
$EdT=-[2B fda

p s Ot
E

E is electric field in inertial system. Galilean invariance implies E' in the moving system,

= —E+VXB

BS IS

Faraday's law in differential formg , B are definded isameframe.
f(ﬁXE'l'a )-ﬁda=0

S

.

(o))

t

vxﬁ+a—?=o

9.3.2 Maxwell's Displacement Current and Maxwell's Equations

Ampere's law:V/ x H = J , for steady statey/ - J = 0.
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0;

V-i=V-(VxH)
\Y

Qorfoﬁ-é=g

-+ 9o = [+, 0D

J4+—= J+—1]=0
VIegi=v{3+5)
Maxwell 1865:

= = 0D

J->J+—

BT
Ampere's law:

VxhA=3+2B

o))
—

%

QR
20200008

LK
oty

<5

2959
<

K

35
2,

= Electromagnetic radiation!
Light is an electromagnetic wave phenomenon and these waves of all frequencies can be produced.

9.4 Wave Propagation: Plane Electromagnetic Waves
No source, infinite space

V-E=0 .

1 e = 0E -
= VxB-g2==0

IJOV fo 51 'V
V-B=0 _

?xé+%=o /vx
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ot
V VB -vE
2 2
—VZB+%%B=O
C
10
= V2 —gat‘j=o u=E B,
u_eilz-)?—luvt

Wave vectork and frequencyw

2
w

—k?+—=0
2

w 2T

k:—:—

c A

If we consider waves propagating in the x-direction, fundamental solution:
u (X t)z Aeikxfiwt+ B efikxfiwt: Ael k(Xfct)+ B e—ik(x+ct)

The general solution of the wave equation is

u(x,t)=f(x—vt)+g(x+vt)

= The equationrepresentsraveling waves;travelingto the right andthe left with velocities of
propagationv = c.

v=w/k is called thephase velocityof the wave. Thavave lengthis A =(2 7t )/k .
Convention: Physicalelectricand magneticfields by takingreal partsof complexquantities plane
wave fields are
E(X,t)=¢,E, ¢
B(X,t)=¢,B,€"

X—iwt

=~

+

—iwt

xi

E, and B, are complex amplitudes which are constant in space and time.
£, &, are constant real unit vectors.

= &-k=0

= £&,-k=0

Direction of propagation ik = transverse waves

VXE+B=0 = i[(kx&)E,—wé&B,|e *wt=0

= solution:
. kx4
62= k

1
BO=E EO

(€7, &, R) form a set of orthogonal vectors ari@l, B are in phase and possess a constant ratio.
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A

~ A

»e

BA &

= Waves in vacuum (no sources) are transverse waves propagating in the direction of k . Since
E|| fixed direction &, we call such a wave linearly polarized with polarization vector £;
9.4.1 Superposition of Waves

Since ME are /inear PDEs, any superposition of plane wave solutions is a solution as well. Waves
in x-direction:

u(x,t)zﬁLA(k) @ kx-iwt 4

The amplitude A (k) describes the properties of the linear superposition of the different waves
From Fourier analysis

A u(x,0) e’ “*dx
-

_ R ik x _ 17 ik
f(x)_m_fwmk)e dk, A(k) m_fwe F(x)dx
= e M dx =5 (k-K), 5

> [e** ™ dk=6(x-x)
T —

o
0.59

U |\ \ ‘Uf

AX-Ak>

N | =

In vacuum, a pulse or wave packet propagates in such a way that the packet does not change its
shape. In a medium, however,
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so that
_w__¢
k n(k)

dependon k or onthewavelengthA =(2 mr)/k. Then,wave packetwill spreadwith time asit
travels along, becausethe waves of different wavelengthpropagateat different speeds.This
phenomenon is calledispersion
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