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1. Mathematical background
Given 2 Vectors 

�
A ,
�
B :�

A � �B � A � B cos
��

 = angle between 
�
A ,
�
B�

A � �B � �C � �A ,
�
B� �

C
� � A B sin 	

Vector: components in coordinates

reference frame: cartesian frame�
x ��
 x1 , x2 , x3 � � x1

�
e1 
 x2

�
e2 
 x3

�
e3�

ei  are unit vectors along cartesian axes

Summation convention:�
x � xi

�
ei �= �

i � 1

3

xi

�
ei

Metric  of the space:
d � �

i

�
xi � yi � 2  Euclidean metric�

A � � ai � , �B � � bi ��
A � �B � ai bi�
A � �B � 0  �  

�
A � � �B  or 

�
A � � �B�

A � �B � � �e1

�
e2

�
e3

a1 a2 a3

b1 b2 b3

� � �e1 
 a2 b3 � a3 b1 � � �e2 
 a1 b3 � a3 b1 ��
 �e3 
 a1 b2 � a2 b1 ��
A � 
 �B � �C � � 
 �A � �C � �B � 
 �A � �B � �C

Position vector 
�
x � �x 
 t � ; �x � t � � xi

�
t � �ei

d 
 �x 
 t � � y 
 t ���
d t

� d
�
x

d t
� �y 
 �x � d �yd t

� ��x � �y 
 �x �!��y" �
x 
 t � d t � �ei

"
xi 
 t � d t
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1.0 Trajectories�
x 
 t � , �v 
 t � � ��x 
 t �

s parameter that increases smoothly and monotonically along the trajectory

�
x 
 s0 �  and 

�
x 
 s1 �

Distance along the trajectory:

l 
 s0 , s1 � � "
s0

s1 ( �
x 
 s � ( d s � "

s0

s1 )
i

xi
2 d s

l  as parameter�
v � d

�
x

d l
d l
d t*

T  = tangent vector+-,
x  = coord vector�. � d
�
x

d l
� lim

l / 0 0 �x0 l1 + ,
x
132 +

l 4 ,5  = unit vector tangent to the trajectory�
v � �. d l

d t
� �. � �l  and 

�. � d
�
x6

d
�
x
6 � �v6 �

v
6,

v is everywheretangentto the trajectory and equal in magnitudeto the speed 7l along the
trajectory.

Moving reference frames:

Osculating plane (Schmiegungsebene)
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,
n ? ,5 , 

,
n
2 @,5A @,5 A

(principal normal vector  – Hauptnormalenvektor),5&B ,5 2 1 , 
d
d t C ,5&B ,5ED 2 0

2
2
,5 d
,5

d t

The unit vector FB  normal to the osculating plane is called binormal vector. (Binormalenvektor)

1.1 Coordinate systems

Cylidrical polar coordinatesG
radial distance from zH
angular rotation from x-axis

z elevation above x-y-plane

Transformations,
x
2 C x , y , z D 2 C G cos I ,

G
sin I , z DG 2

x2 J y2KML arctan
y
x

Basis vectors: Point in the direction of increasing N , K  and z, respectively:,
eO 2QP ,x R P GS P ,x R P G S 2 C cos I , sin I , 0 D

1,
eT 2UP ,x R P IS P ,x R P I S 2 CWV G sin I ,

G
cos I , 0 DG 2 CWV sin I , cos I , 0 DX

ez
LZYW[ Xx \ [ z ]^ [ Xx \ [ z

^ L_Y 0 , 0 , 1 ]
1` Xx Lba Xeced z

X
ez

Velocity:
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x r ps qetvu s pqetwu pz qez u�x z pqez yz 0

d {e|
d t }�~ {e|~�� d �d t ��~ e|~�� d �d t ��~ {e|~ z

d z
d t } 0{e| }�� cos � , sin � , 0 �~ {e|~�� }��W� sin � , cos � , 0 �

d {e�
d t }��W� sin � , cos � , 0 ������ } �� {e�d {e�
d t }-� �� {e|d {ez

d t } 0� �{x } �� {e| � � �� {e� � �z {ez�{x }�� �� � � �� 2 � {e| ��� � �� � 2 �� �� � {e� � �z {ez

1.2 Vector calculus

We define the del operator{� } ~~ x1

{e1 � ~~ x2

{e2 � ~~ x3

{e3

Scalar field (such as temperature)� � x1 , x2 , x3 �
The gradient of �  is a vector field{� � } ~ �~ xi

{ei�� � lies perpendicularto surfacesof constantvalue
� � x1, x2, x3 � } const which are termed

equipotential surfaces.

For an arbitrary change in position, d {x }�� d x1 , d x2 , d x3 � , the total derivative of �  is given by

d
� } {� � � d {x } ~ �~ xi

d xi } � ~ �~ x1

, ~ �~ x2

, ~ �~ x3 � � � d x1 , d x2 , d x3 � .
We consider values of x1 , x2 , x3  that give 

� � x1 , x2 , x3 � } const.

d ��� 0 � �� ��� d �x , where d {x  lies within the equipotential surface. � � �� ��� d
�
x .�� ��� grad �
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Calculate the gradient in terms of cylindrical polar coordinates:¢ � x2 £ y2{e¤ } cos � {ex � sin � {ey� } arctan
y
x{e¥ }¦� sin � {ex � cos � {ey

grad
� } § ~ �~�� ~¨�~ x � ~ �~�� ~©�~ x � ~ �~ z ~ z~ xª 0 « {ex � ¬ ~ �~­� ~��~ y � ~ �~®� ~©�~ y � ~ �~ z ~ z~ y ¯ {ey � ~ �~° ¢°

x
� x¢ � cos ±~��~ x } 1

1 � ² y
x ³ 2 � � y

x2 } � � sin �� 2 } � sin ��
grad�´� ° �° ¢ �eµ £ ° �° ± 1¢ �

e¶ £ ° �°
z

�
ez

grad �·� �ex

° �°
x
£ �ey

° �°
y
£ �ez

° �°
z
� ° �° ¢ �eµ £ ° �° ± 1± �e¶ £ ° �° z

�
ez ;

div {v } {� �¸{v } ~ vi~ xi ¹»ºi ª 1

3 ~ vi~ xi{� } {ex ~~ x � {ey ~~ y � {ez ~~ z ;

curl {v } {� ¼ {v } ½ {e1 {e2 {e3~~ x1 ~~ x2 ~~ x3

v1 v2 v3 ¾ } {e1 ¿ ~ v3~ x2 � ~ v2~ x3 À � {e2 ¿ ~ v3~ x1 � ~ v1~ x3 À � {e3 ¿ ~ v2~ x1 � ~ v~ x

1.2.1 Line integrals

Á Â {F � {x �Ã� d {x  = line integral of {F  along Ä
d {x } d {x

d t
d t } �{x d t
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t

F x �x d t � Á t0

t

F y �y d t � Á t0

t

F z �z d t

F z Ï�Ðx Ï t Ñ�ÑÓÒz Ï t Ñ
Example:

ÐF Ô-Õ g Ðez ;{x � t � } Ö a cos t
0

a sin t ×�{x � t � } Ö � a sin t
0

a cos t ×{F � { �{x } � g a cos tÁ {F � {d {x }¦� a � g
Á
0

Ø
2

cos t d t }-� a g .

1.2.2 Multiple integrals

Body with mass density:Ù�Ú
limÛ
V Ü 0 Ý MÝ V

ÚÞÙ
0

Specifically, wedge: Calculate M :
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M ãÞäåäåä
wedge æèç x , y , z é d x d y d z ã æ 0 ä

0

a

d x ä
0

b

d y ä
0

ê c
b

y ë c

d z ì 1íÞî
0 ï

0

a

d x ï
0

b

d y ðEñ c
b

y ò c ó íÞî 0 ï
0

a

d x ôEñ c
b

y2

2
ò c y õ

0

bí¦î
0 ï

0

a

d x ðöñ c b
2
ò c b ó í¦î 0

a b c
2

;

Consider circle of constant area density:÷Zø limù
A ú 0 û Mû A

ø�÷
0

Calculate M :

M í ïbï
circle ü d A

polar coord: ý , þ ;

d A ø d x d y ø d ý ÿ ý d þ ;

M ���
0

���� 0

R

d �	� �
 � 0

2 �
d � ��
�� 0 R2

3 D: d ý­ý d þ d z ø d V
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1.3 Gauss's Theorem

Momentumfield where �u ø ý �v gives the momentumcarriedper unit volume ( ý is the mass
density, �v  velocity).

Mass that flows in and out of the box.�v  is constant across each surface plane of the box.

I x  = Rate of flow in at x  = mass that flows in per unit time at x  = � vx � x ��� y � z ;

Ox = Rate of flow out at x � û x =� vx � x ò�� x  !� y � z í � " vx � x  �ò$# vx# x
� x %&� y � z ;

Ox ñ I x
í � # vx# x

� x � y � z  = Net outward flow.

O ñ I  = net flow out of the box =� ' # vx# x
ò # vy# y

ò # vz# z ()* + )
v

� x � y � z
;

Net flow = density x  component of velocity normal to the surface x

Area of surface = ,
surface of the box

� �n -.�v � S

Gauss's Theorem or Divergence Theorem/�/�/
V 0132 0A d V 4 /�/

S 0n 2 0A d S5
A : any vector field;

S : surface that bounds V ;5
n  = unit vector normal to S , pointing outward

1.4 Stokes's Theorem

Surfaceintegraloverthecurl of a vectorfield = line integralof thatvectorfield alongtheboundary

http://www.skriptweb.de
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of the surface. <�<
S = >?A@ >v BDC >n d S EGF

C >v C d >r
C H I S  = boundary of SJ

n  is the unit vector to the surface element d S , pointing outwards

The direction used in evaluating the line integral is given by the right hand rule with respect to 
J
n .

1.5 Ordinary differential equations

1.5.1 Basic definitions

An ODE of order n has the form
y K n LDM x NOH f P x , y M x N , y' M x N , Q , yK n R 1 L�M x N S .

Theorem 1: Its general solution has the form
y E y = x ; c1 , T , cn B

where c1 , T , cn are arbitrary real constants.For a complete and unique
specification of the solution, n  initial values must be specified.
y = x0 BOE y0 , y' = x0 BOE y0U 1 V , y'' = x0 BWE y0U 2 V , T , yU n X 1 V = x0 BOE y0U n X 1 V

Initial Value Problem (IVP)

http://www.skriptweb.de
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Theorem 2: Every ODE of n -th ordercanbe transformedinto a set of n first-order
ODEs.
1) y g n hji x kOl f m x , y' i x k , n , y g n o 1 hji x k p
2) Introduce new variables: y1 l y , y2 l y' , ..., yn q yr n s 1 t
3) System of 1st order ODEs:
y'1 l y2 , y' 2 l y2 , ..., y' n s 1 u yn , y' n l f i x , y1 , y2 , n , yn k .

Note: A partial differential equation F v x1 , n , xn , u , ux1
, n , uxn

, ux1 x1
, n , uxn xn w l 0

1.5.2 Special cases

Type 1: ODE that allows separation of variables
d y
d x

l y' l f i x k
g i y k  x  y g i y k d y l y f i x k d x z C  is general solution

Type 2: Linear first-order ODE
y' z f i x k y l g i x k

with
M i x k l e{ f | x } d x ,

the general solution is

y i x kOl 1
M i x k�~ y g i x k M i x k d x z C �

Example: y' z 1
x

y l x2

M � x � � e� 1
x

d x � eln x � x

y i x kWl 1
x ~ y x3 d x z C � l x3

4
z C

x
;

1.5.3 Numerical solution for ODEs

IVP: y' l f i x , y k ; y i x0 kOl y0 ; x  y i x k l ?

By discretization: h � 0
convert x-space �  coarse-grained space
x0 , x0 z h l x1 , x1 z h l x2 , n

The so-called „forward Euler method“ takes solution at xn � xn � 1 :
yn � 1 � yn � h � f � xn , yn �

Start: n � 0 ��� xn , yn �O� y � x � � n
http://www.skriptweb.de

x0 x1 x2
x

y0 y1 y2
nn



2. Principles of Dynamics Page 15/106

2. Principles of Dynamics�
Motion of objects acted upon by external forces.�
Point particles, characterized by �x l �x i t k  with �v i t k l ��x i t k�
t  „time“ – before-after, assume that� �xi

i t k , �vi
i t k � i � 1 , � , N

can be measured simultaneously
Assumption: ���vi ��� c�
Assume that �x  and �v  can be measured for each point particle: x  out of quantum mechanics

2.1 Newton's laws

Physical space: 3 D, Euclidean metric

Principle 1 (Newton's first law): There exist certain frames of reference,called
inertial , with prop's:
A. Every isolated particle  moves in a straight line in such a frame.
B. Every isolated particle moves at constant velocity in this frame.

Consequences�
The existence of one inertial frame implies the existence of many more.�
Due to A, they cannot rotate with respect to each other.

�
Transformations: Galileian

Principle 2 (3rd Newton's law):
A. Conservation of Momentum:
Consider2 particles,isolatedfrom all other matter, from an inertial frame, with
velocities �v j � t � , j � 1 , 2 , � .
Thenthereexistsa constant � 1 2 � 0 anda constantvector �K independentof time
such that�v1 � t � � � 1 2 �v2 � t �O� �K .� 1 2  is universal (i.e. neither depends on inertial frame nor on particular motion).

B. Existence of Mass:
Bringing in a third particle such that watch 1-3 and then 2-3.

http://www.skriptweb.de
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2.1 Newton's laws Page 16/106�v3 � t � � � 3 1 �v1 � t �O� �M�v2 � t � � � 2 3 �v3 � t �O� �L
Then:� 1 2 � 2 3 � 3 1 � 1  (3)

(3) x  � mi � 0 � i � 1 , 2 , 3 �  such that (1) + (2):
m1 �v1 � t � � m2 �v2 � t �O� �P1 2

m2 �v2 � t � � m3 �v3 � t �O� �P2 3

m3 �v3 � t � � m1 �v1 � t �O� �P3 1�Pi j , called momenta (Impulse), is constant.� Massesarenot unique,only ratios   of massesis unique.Standardmustbechosen(e.g. 1 cm3

of water at 4 ° C  and atmospheric pressure).� d
d t

 (4)x  mi �ai z m j �a j l 0  i i ¡ j k
Define the force acting on a particle by�F l m �a l m

d2 �x
d t2 .

Newton's second law: Particles1 and 2: �a1 of particle 1 arisesas a result of the
interactionbetween1-2. Onesaysthereis a force �F 1 2 � m1 �a1 on particle1 dueto

thepresenceof particle2 or by particle2. Also, �F 2 1 � m2 �a2 on particle2 by part
1. �F 1 2 � �F 2 1 � 0 .
To every action there is an equal and opposite reaction.
Newton's 3rd law:�F l m

d2 �x
d t2 .

Forcessatisfy the superposition principle . The total force on a particle can be found by adding
contributions from different agents.

Remark: For gravitation, �a  is known a priori.

2.2 Stability of solutions�F  is given �x , ��x , t

Set of 3 2nd-order ODEs�F i �x , ��x , t k l m ¢�x
x i t0 k , ��x i t0 k

Stability of solutions�x1
i t0 k  and �x2

i t0 kOl �x1
i t0 kOz�£ �x i t0 k

http://www.skriptweb.de



2.2 Stability of solutions Page 17/106

D �x i t kOl ¤ £ �x i t0 k ¤¦¥�§  and assume ��x1
i t0 kOl ��x2

i t0 k
Then solutions are stable if
lim
t ¨ © D ªx « t ¬W­ O « D x « t0 ¬®¬

and unstable if
lim
t ¨ © D ªx « t ¬O­°¯

Regions,stable+ unstablesolutionsaremixed togethertightly. Sucha systemis calledchaotic (in
given portion of phase space), exhibits chaos.

2.3 One-particle dynamical variables�F l m �a x �x i t k
Symmetry x f i �x , ��x , t k
dynamical variables characterize motion

2.3.1 Momentum�p l m �v  x  �F l d
d t

�p �F l 0 x �p l conserved

If total force l 0 , �p  is an constant of motion.

Note: m l m i t k , �v l �v i t k x �p
Assumption: All measurements are performed in inertial systems.

2.3.2 Angular momentum�L  about some point �S :�L l �x ± �p
where �x  is measured from the point �S .�S  must be inertial point , moves at �v l const in any inertial frame.
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d t

i �x ± �p kOl �v ± �pµ·¶
0

z �x ± ��p¸¶º¹
F

;��L l �x ± �F l �N
torque (Drehmoment) about �S��p l �F �N l 0 x �L l const

2.3.3 Energy and work

Often, �F i �x k»
C :
¹
x ¼ t0 ½¹

x ¼ t ½3¾
F ¿ ¾x ÀDÁ d ¾

x Â »
t0

t ¾
F ¿ ¾x ÀjÁÄÃ¾x d t Â m

»
t0

t Å¾
x ÁWÃ¾x d t Â 1

2
m
»
t0

t
d
d t Æ Ãx2 Ç d t Â 1

2
m v2 ¿ t ÀOÈ 1

2
m v2 ¿ t

;

T  kinetic energy

Kinetic energy T l 1 É 2 m v2  and the work WC  done by the force along C :
WC ÊÌË

C ÍF Î d Íx .

If  W  is not path-dependent, the force is called conservative force:

Conservative: xÏ
C 1

�F Ð d �x l Ï
C 2

�F Ð d �x ;Ï
C 1

�F Ð d �x Ñ Ï
C 2

�F Ð d �x lÓÒ �F Ð d �x l 0 .

If �F  conservative,Ò �F Ð d �x l 0
around any closed path, for �x1 , �x2  arbitrary.Ô
C Õ×ÖÙØ ÍF Î d Íx ÊÓË Ø Ú ÍÛAÜ ÍF ÝÞÎ d ÍSß

 is any smooth surface bounded by the closed path C ÂÓà ß .
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âã ä â
F å 0 æ F å conservative

curl gradV ç 0 ;âã ä è âã
V é ç 0 ;â

F
è â
x é å ê âã V

è â
x é ;

V
è â
x é  potential energy

Note: 
â
V  is not unique and defined only up to an additive constant.

WC Â W ¿ ¾x ,
¾
x0 ÀOÂ�ë ì

x0

ì
x ¾

F ¿ ¾x ' ÀDÁ d ¾
x ' ÂÓÈíë ì

x0

ì
x ¾î

V ¿ ¾x ' ÀDÁ d ¾
x ' Â V ¿ ¾x0 ÀOÈ V ¿ ¾x ÀOï V0 È V

V0 ê V å T ê T0 ; V ð T å V0 ð T0 å E å const;

E  total mechanical energyñ  conservation of energy for conservative forces

Note: E  is also defined only up to an additive constant; usual: V
è â
x0 éOå 0 .

2.3.4 Application to 1-D motion

Numberof functionsof time neededto describefully the systemis callednumber of degreesof
freedom or number of freedoms.

ñ  one-freedom system, can be reduced to quadrature

x : distance along line
F  along line å F

è
x é  ñ  necessarily conservativeñ  m òx åÓê d V

è
x é

d x
.

The energy

1
2

m óx2 ð V
è
x éOå E  (*)
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1 ô 2 m óx2 ð V  energy first-integral

1óx å d t
d x

 ñ  (*)  ñ
t õ t0 ö m

2 ÷x0

x
d x

E õ V ø x ù
x0 å x

è
t0 é , x å x

è
t éñ x å x

è
t ê t0 , E é

1
2

m óx2ú û
0

ð V
è
x éOå E

Particle cannot enter region E å V
è
x é ü 0ý E ê V

è
x é þ 0 : E å E0

If particle moves:

V ÿ ñ 1
2

m óx ´2 �
until E ê V

è
x éWå 0 : óx å 0 ñ x1 .

At x1 : F � x1 ����� d V
d x

�
x1 � 0ñ  particle gets accelerated to the leftý E1 : x2 ü x ü x3  motion bounded

Period:

P å 2 m 	
x2

x3

d x

E ê V
è
x éý d V

d x
å 0  equilibration points

can be stable (minima) or unstable (maxima)
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2.4 Many-particle system

2.4.1 Superposition principle

N þ 1  particles may interact with one another and also are acted on by external forces.

Only 2-particle problem can be solved generally and analytically.

A. Chencinerand R. Montgomery:3 particles,equalmass,interact via gravitation; discovered
the first exact, stable and periodic nontrivial solution of 3-body-problem

Superposition principle: Total force acting on a particle is a vector sum of all the forces exerted on it
by each of the other particles in the system (the internal forces) plus all of the external forces.

Superposition principle implies that all forces can be analyzed in terms of 2-particle interactions.

A , B , C . The force on A is the sumof the force it would feel if only B werepresentandthe
force it would feel if only C  were present.

This superpositionalprinciple is an additional assumptionto Newtons' laws, it is a result of
experimental observation.ñ  Assume two-body forces

2.4.2 Center of Mass�
F ij 
  force exerted on i-th particle by the j-th particle. � �

F ii 
 0

Newton's 3rd law ñ  
â

F ij åÌê â
F ji

Note: Abandon the summation convention in this section!

mi
òâxi å â

F i ð��
j � 1

N â
F ij�

i

mi
òâxi å �

i

â
F i� ���F ð �

i , j

â
F ij� � 0â

F  total external force = sum over only external forces

M å �
i

mi  ñâ
F å M � 1

M
�

i

mi
òâxi � ç M òâX ;�

X � 1
M
�
i � 1

N

mi

�
xi  center of mass

Center-of-masstheorem: Thecenterof massof N-particlesystemmovesasthoughthe
total mass were concentrated there and were acted upon by the total external force.
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2.4.3 Momentum

Total momentumâ
p å��

i

mi
óâxi å M óâXñ  

â
F å óâP

if  F ext 
 0 � �
P 
 constñ M constantñ óâX å const ñ â

X å â
x0 ð â

C���P0

m

tñ  6 conserved dynamical variables associated with center of mass

2.4.4 Energy�
yi 
 �xi � �X  position of the i-th particle relative to the center of mass

T å 1
2  i mi

óâxi
2 å 1

2
M óX 2 ð 1

2  i mi óyi
2

Total work done on all particles: initial configuration ! 0 " ( 3 N coordinates) # final
configuration ! f "  ( 3 N  momenta)$

i % &xi 0

&x i f '�(
F i ) $

j

(
F ij *,+ d (xi - $

i % &xi 0

&x i f

mi .(xi + d (x/
T f 0 T i

r.h.s.: T f 1 T0

Assume: 2F i 341 25 i V i 6 2xi 7 ; 8F ij 94: 8; i V ij <>= 8xi : 8x j = ? .@  8F ji 9A: 8F ijB
i C Dxi 0

Dxi f 8F i d 8xi 9 B
i E V i

0 : V i
f F 9 Vext

0 : Vext
f ;C Dxi 0

Dxi f B
i

j 8F ij G d 8xi H 1
2 IKJ i j LF i j G d Lxi M J i j LF j iNO DF i j

G d Lx j PQH 1
2 C Dxi 0

Dxi f J i j LF i j G d R Lxi S Lx j TU Dxi jH 1
2 C Dxi 0

Dxi f J i j LF i j G d Lxi j H 1
2 J i j E V i j

0 S V i j
f F H V int

0 S V int
fV  W Vext M V int M T X 0 H W Vext M V int M T X f H E

Note: We have assumed that the internal forces can be derived from
V i j R x T , x H Y Lxi S Lx j YV LF i j H4S d V i j R x T

d x Lxi S Lx jY Lxi S Lx j Y
http://www.skriptweb.de
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Central force acting along the connecting line between Zxi  and Zx j . This implies:W Lxi S Lx j X\[ LF i j H 0 ;

This is a supplement to the 3rd Newton's principle.

2.4.5 Angular momentum

Inertial reference system: Compute the total angular momentum about the origin.LL H ] i mi Lxi [ ^Lxi H ]
i Lxi [ Lpi

The total angular momentum about the center of mass isLLc H ]
i

mi Lyi [ ^Lyi ; Lyi H Lxi S LX .LL H`_ i mi a LX Lyi b [ c ^LX ^Lyi d H�_
i

mi LX [ ^LX M`_
i

mi Lyi [ ^Lyi Me_
i

mi Lyif g
0

[ ^LX Me_
i

mi LX [ ^Lyih g
0

(3rd sum:positionof centerof massrelativeto itself; 4th sum:velocity of centerof massrelativeto
itself) i

L j iLc k M

i
X l miX

The total angular momentum about the origin of an inertial system = sum of the angular momenta of
the total massas thoughall the masswere concentratedat the centerof mass+ inertial angular
momentum = angular momentum about the center of mass.

Question: Does N H ^LL  hold also for many-particle system?

Supplementto 3rd Newton'slaw about LF i j guaranteesthat the internaltorquesdo not contributeto
the change in the total angular momentum.V  Need to consider solely the externally applied torque.

The external forces apply a total torque about an arbitrary (moving) point LZ :LN Z H _
i Lzi [ LF i H _

i

mi Lzi [ nLxi ,

where 

i
xi  = position of i-th particle in an inertial frame; 

i
zi j ixi o iZ  is its position relative to LZ .
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LN Z H�r
i

mi Lzi [ R nLzi M nLZ T�H d
d t r i mi Lzi [s^Lzi M M R LX S LZ T [ nLZ H ^LLZ M M R LX S LZ T [ nLZ ;LN Z H ^LLZ

 if  LX S LZ t nLZ
special cases are:

a) nLZ H 0  V  LZ  is moving at constant velocity relative to the origin of the inertial frame

b) LX H LZ  V  LZ  is chosen as the center of mass of the system.

[http://www.ai.mit.edu/people/wessler/halo/mont.html]

2.5 Examples

2.5.1 One-dimensional collision between point particles

Conservation of total momentum:
m v0 M M V0 H m v M M V

m R v S v0 T�H M R V S V0 T  (*)

xCM H m x0 M M X 0

m M M
m v0 M M V0

m M M H m v M M V
m M M

Elastic collision – energy conserved:
m v0

2

2 M M V0
2

2 H m v2

2 M M V2

2
;

m R v2 S v0
2 T�H M R V0

2 S V2 T
http://www.skriptweb.de
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(*)  w  v M v0 H V0 M V  (**)

(*)  & (**)  V
V H M S m

m M M
V0 M 2 m

m M M
v0 ;

v H m S M
m M M

v0 M 2 M
m M M

V0 ;

Fully inelastic collision:

v H M

Conservation of momentum:
m v0 M M V0 H R m M M T v

v H m v0 M M V0

m M M
;

Ekin, initial H m
2

v0
2 M M

2
V0

2 ;

Ekin, final H m M M
2

v2 H 1
2

R m v0 M M V0 T 2
m M M

;x
Eloss

kin H Ekin, initial S Ekin, final Hzy2 R v0 S V0 T 2 ;

1{}| 1
m ~ 1

M
;

2.5.2 Example: Conveyor belt

m : mass of the material (on the belt)
M : mass of the belt
v : velocity of the system

Force?
Which force is neededto keepa conveyorbelt movingat constantspeedof 5 m � s , if thematerial
gets dumped onto the belt at constant rate d m � d t H 100 kg � s ?

The total momentum is
P H R m M M T v ;

F H d P
d t H v

d m
d t H 5 G 100 N ;

http://www.skriptweb.de
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The power, i.e. the energy transfer per unit of time
d W
d t H LF G d Lxd t H F v H v2 d m

d t H d
d t

R m v2 T�H d
d t

R m v2 M M v2 T�H d
d t � R m M M T v2 � H d

d t
R 2

;

2.5.3 Example: snow plow

(british: plough)

d Ekin H d m M
2 R M r d m T R 0 S v T 2 H 1

2
d m v2

vd m H vM H M v
M M d m � v � 1 S d m

M � M��
Einitial H 1

2
M v2

E final H 1
2
R M M d m T v2

i.e.:

d Ekin H Ekin, final S Ekin, initial H 1
2

d m v2

d E
d t H 2 G 12 d m

d t
v2

Initial momentum p H m v
Final momentum p' H R M M d m T v

F H d p
d t H d m

d t
v ;

( � p
|

d m v ; � P
|

F � t )
d W
d t H F G v H d

d t
R m v2 T ;

2.6 Velocity phase space and phase portraits

N particles
6 N variables
3 N coordinates
3 N velocities

http://www.skriptweb.de
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v R x T H S A cos x ; A � 0 , S � � x � � ;

E H 1
2

m x̂2 M v R x T�H 1
2

m x̂2 S A cosx H 1
2

m v2 S A cosx ;

For E � A , the motion takes place entirely within one of the wells

pPeriod H 2 m �
x1

x2

d x

t S v R x T H �x1

x2

d x

E M A cosx
;

x1 , 2 H4� cos� 1 � E
A �

F H4S d v
d x

;

E H A ;

v H4� 2
m
R E M A cosx T

R v , x T  velocity phase space

Such a graph is called phase portrait of the dynamical system

x  near 0:

v R x T�H v R 0 T�M x v' R 0 T�M 1
2

x2 v'' R 0 T�M�� � A R S 1 M 1
2

x2 M���T ;
m v2

2 R E M A T M A x2

2 R E M A T H 1 ;

Separatrix: thecurvecorrespondingto E H A separatestheboundedmotion from theunbounded
one.

Separatrix consists of 4 orbits for x ������� , ��� .
http://www.skriptweb.de
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2.7 Rotating frames

Inertial frame

Rotation around x3 £ y3

Inertial frame: ¤ x1 , x2 , x3 ¥
Rotating frame: ¤ y1 , y2 , y3 ¥
d ¦
d t §A¨©§ const

( ¨ : angular velocity)ª¨  angular velocity vector« ª¨ « §A¨ª¨}¬ axis of rotation­ £4® t ¯ ­ 0 , and we set 
­

0 £ 0 ; ¦ §A¨ t

y1 £
y2 £
y3 £ °

cos ® t ± sin ® t 0
sin ® t cos ® t 0

0 0 1 ² ³ x1

x2

x3 ´
y1 £ x1 cos ® t ± sin ® t x2

y2 £ x1 sin ® t ¯ cos ® t x2

y3 £ x3

Free particle: µ¶x £ 0  in inertial frame·
y1 £ ·

x1 cos ® t ± ·
x2 sin ® t ± ® y2·

y2 £ ·
x1 sin ® t ¯ ·

x2 cos ® t ¯ ® y1·
y3 £ ·

x3µy1 , µy2 , µy3 £ ?

http://www.skriptweb.de
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Using µx1 £ µx2 £ µx3 £ 0 :µy1 £A® ¤ ± ·x1 sin ® t ± ·
x2 cos ® t ¥ ± ® ·

y2 £ ± ® ¤ ·y2 ± ® y1 ¥ ± ® ·
y2 £»® 2 y1 ± 2 ® ·

y2 ;µy2 £A® ¤ ·x1 cos ® t ± ·
x2 sin ® t ¥ ¯ ® ·

y1 £A® ¤ ·y1 ¯ ® y2 ¥ ¯ ® ·
y1 £»® 2 y2 ¯ 2 ® ·

y1 ;µy3 £ 0 ; ¼ª
y § ª¨�½�¾ ª¨©½ ªy ¿�À 2

ª¨©½ ªyª¨  is angular velocity vector, of magnitude ¨ , pointing along the rotation axis.¶
F £ ± m µ¶y £ ¶Z ¯ ¶Cª

Z §AÁ m
ª¨�½�¾ ª¨©½ ªy ¿ centrifugal forceª

C §4Á 2 m
ª¨�½ Âªy coriolis force

„fictitious forces“

Rotating Earth: ÃZ Ã Ä 0.3 %  of the gravitational force at the equator

Plane: moves strictly along a meridian at constant height and speed in inertial frame

2.8 The Lorentz force

The electric field at 
¶
x  due to a point charge qi  at Åxi  is given by Coulomb's law:¶

E ¤ ¶x ¥ £ k qi

¤ ¶x ± ¶xi ¥Æ ¶
x ± ¶xi

Æ 3¶
E ¤ ¶x ¥  is the force per unit charge acting at 

¶
x :¶

F ¤ ¶x ¥ £ q2

¶
E ¤ ¶x ¥

k £ ¤ 4 ÇzÈ 0 ¥ÊÉ 1 ,

http://www.skriptweb.de
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meter

permittivity of free spaceÏ
E Ð Ïx Ñ�Ò4Ó ÏÔ Õ Ð Ïx Ñ­ ¤ ¶x ¥ £ ± k qi

1Ö ¶
x ± ¶xi

Ö
A continuous charge distribution × Ð Ïx Ñ¶
E ¤ ¶x ¥ £ k ØÚÙ ¤ ¶x' ¥ ¤ ¶x ± ¶x' ¥Û ¶

x ± ¶x'
Û 3 d3 x'Õ Ð Ïx Ñ�Ò k Ü × Ð Ïx' ÑÝ Ï

x Ó Ïx'
Ý d3 x'

Maxwell's equations for static electric fields:

Theorem 1 (Gauss's law): È 0

¶Þ Î ¶E ¤ ¶x ¥ £ È 0 div
¶
E ¤ ¶x ¥ £ Ù ¤ ¶x ¥

Theorem 2: 
¶Þ ß ¶

E ¤ ¶x ¥ £ curl
¶
E ¤ ¶x ¥ £ 0

Proof:

Definition : The Laplace operator or Laplacian is defined by:àâá ¶Þ Î ¶Þ á
div grad £cartesian coordinates ã 2ã x2 ¯ ã 2ã y2 ¯ ã 2ã z2

Definition : The ä -function is a special type of function, called functional or
distribution, with following properties:å ¤ ¶x ¥ £ æ 0

¶
x ç 0è ¶
x £ 0

such thatØ f ¤ ¶x ¥ å ¤ ¶x ¥ d3 x £ f ¤ 0 ¥
for any continuous and integrable function f ¤ ¶x ¥ .à é 1

r ê , r £4ë ¶x ëì£ x2 ¯ y2 ¯ z2 ;à í 1
r î £ ¶Þ Î ïð± ¶rr 3 ñ £ ãã x

ï ± x

r 3 ñ ¯ ãã y
ï ± y

r 3 ñ ¯ ãã z
ï ± z

r 3 ñ£ ò 3
x2

r 5 ± 1

r 3 ó ¯ ò 3
y2

r 5 ± 1

r 3 ó ¯ ò 3
z3

r 5 ± 1

r 3 ó £ 0

for r ç 0 .

r £ 0 case:Integrateover a small volume V containingthe origin and apply Gauss'sintegral
theorem:ô

V

Þ 2 õ 1
r ö d3 x £ ô

V

¶Þ Î ¶Þ õ 1
r ö d3 x £Gauss

ô
S

¶
n Î ¶Þ õ 1

r ö d S
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d S ÷ r 2 d ø ;
d ù £ space angle£ sin ú d

­
d ú ;

V ÷ 4 û r 3

3
;ü

S

¶
n Î ¶Þ ý 1

r þ d S £ ü
S ãã r

ý 1
r þÿ �

1

r 2

r 2 d ù £ ± ü
S

d ù £ ± 4 Ç
;ü

0

�
sin ú d ú ü

0

2 �
d
­ £ 4 Ç ;à �

1� ¶
x ± ¶x'

� � £ ± 4 Ç å ¤ ¶x ± ¶x' ¥ ;¶Þ Î ¶E ¤ ¶x ¥ £ ± à ­ ¤ ¶x ¥ £ ± k
ü

d3 x' Ù ¤ ¶x' ¥ à � 1� ¶
x ± ¶x'

� � £ 4 Ç k Ù ¤ ¶x ¥ ;
Magnetic fields: One never finds isolated magnetic charges or „monopoles“, only dipoles.

Absence of magnetic monopoles:¶Þ Î ¶B ¤ ¶x ¥ £ 0 ;

div
¶
B ¤ ¶x ¥ £ 0 ;

div curl
¶
A
á

0 � ¶
B ¤ ¶x ¥ £ ¶Þ ß ¶

A ¤ ¶x ¥¶
A ¤ ¶x ¥ : vector potential¶
A ¤ ¶x ¥  is not unique, since¶
A ¤ ¶x ¥	� ¶

A ¤ ¶x ¥ ¯ ¶Þ 
 ¤ ¶x ¥¶
B ¤ ¶x ¥  does not change (curl grad �
� 0 )

Such a transformation is calles gauge transformation.

The total electromagnetic force on a charged particle with charge q  is:¶
F £ q ¤ ¶E ¯ ¶v ß ¶B ¥  (Lorentz force)

This force is conservative, 
ü ¶

F d
¶
x £ 0 , since 

¶
v  is tangent to trajectory.

Supplement: What is the difference between experimental and theoretical physics?
Theory: Develops mathematicalschemesto solve dynamical equations. Focuseson
predictions of a system's dynamical behavior, based on postulated fundamental laws.
Experiment: Develops reproducible, accurate measurementtechniques.Focuses on
measurements of a system'sdynamical behavior, in order to check the theoretical
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predictions, with the ultimate goal to check and to reduce the number of fundamental laws.
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3. Lagrangian formulation of mechanics
Sometimesa particleis not freeto movein Euclidean3-spacebut only in a restrictedregion.Sucha
systemis calleda constrained system. The particle'sareaof motion, configuration manifold, is
neither Euclidean nor 3N-dimensional.�  Equations of motion must include information about the forces that give rise to the constraints.

How Newtons'equationscan be rewritten such that constraintsare taken into accountfrom the
outset �  Lagrangian formulation of dynamics.

Lagrange equations�
same physical content as Newtons' equations�
easier to apply to dynamical systems�
symmetry�
variational principle

3.1 Constraints and configuration manifolds

3.1.1 Constraints and work

The motion is often constrainedby someexternalagentsapplyingforcesthat areinitially unknown
(body gliding on a table, a swinging weight of a pendulum).

Supposeone is dealing with a systemof N particles and that the constraintsare given by
constraint equations:

f j �����x1 , � , �xN , t � � 0 ; j � 1 , 2 , � , K � 3 N ; (1)�xi are position vectorsof the N particles.The f j are differentiablefunctions. t -dependence:
e.g. surface of a table could be waving.

Constraints of type (1) are calles holonomic (means integrable).

More general:
f j ���x1 , � , �xN , ��x1 , � , ��xN , t ��� 0 ; j � 1 , � , K � 3 N

called non-holonomic.

Other:
f j � �x1 , � , �xN , t ��! 0

Example: 1 particle N � 1 ; 1 constraint K " 1
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3.1 Constraints and configuration manifolds Page 34/106

m � #x � �F $ �C�F � �x, � �x , t � known external force%
C  unknown force of constraint that the surface exerts on particle.%
C force that ensuresthe particle to stay on f " 0 but otherwiseto poseno restriction for the

particle%
C & surface f ' 0
f � �x, t � � const be the equation of any surface ( �) f � �x, t � * surface provided�) f + 0 :,-

f . 0  on the f=0 surface

Example: f a /10x 2�3 0s 4 0x 3 0

f b / 0x 2�3 / 0s 4 0x 2 2 3 0�) f a � �s  whereas �) f b � 05 only f a 3 0  is acceptable

If N>1, K>1, the matrix 687 f j7 x 9 : ; ;<� 1, � , 3N ; j � 1, � , K  be at least of rank K.=
C >@? =A

f B =x, t C ?D>�?EB t C  can be any number.

m #�x � �F $ �C
f � �x, t ��� 0 F x � t �

y � t �
z � t �

unknowns: x(t), y(t), z(t), ?
4 equations for 4 unknownsG
C  is also called normal force.

Assume that the external force: �f � H �) V � �x, t �
m #�x I ��x J d

dt � 12 m �x2 ���KH �) I ��x $�L �) f I ��x
f � �x � t � , t � � 0
df
dt

� �) f IM��x $ 7 f7 t
� 0

dV
dt

� �) V I ��x $ 7 V7 t
dE
dt

� d
dt N 1

2
m �x2 $ V O8� 7 V7 t

HQPRI 7 f7 t
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Thus: For static surfaces U 7 f7 t
� 0 V  constraint forces do no work!

Friction: Here: Only constraint forces that W XY f

3.1.2 Generalized coordinates

m Z=x > =
F [<? =A

f
f � �x, t � � 0

Choose: arbitrary  vector 
=\  tangent to the surface f=0, i.e. ]^`_ ]a f b 0c

m Z=x d =
F e�f =\ > 0  (*)5 2 linearly independentvectors at each point

=
x and hence2 linearly independentvector

functions of 
=
x  and  that describe a tangent to the surface.

(*) yields 2 equations for �x � t � $ f � �x, t � � 0  ... 3rd equation. ]^g_ ]a f b 0
1 particle in 3D-space can have at most 2 holonomic constraints.
f 1 � �x, t ��� 0 ; f 2 � �x, t ��� 0�C ��L 1 �) f 1 $<L 2 �) f 2

Systemof N particles:K independentholonomicconstraints.We drop the summationconvention
for this section.
mi

#�xi � �F i $ �C i

http://www.skriptweb.de
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f 2 � 0

trajectory



3.1 Constraints and configuration manifolds Page 36/106�C i �Th
j i 1

K L j �) i f j7 V7 t
� o ( dE

dt
�jHkh

j

L j 7 f j7 t

Now let lm i  be N arbitrary  vectors „tangent to the surface“: n
i o 1

N lm i
lp

i f j q 0 ; j q 1, r , K

If 7 f j7 x s is of rankK, this equationgivesK independentrelationsamongthe3N componentsof the

N vectors lm i  so that 3N-K of the components lm i  are independent.h
i t mi ��xi H �F i u I �v i � 0

D' Alembert's principle:
3N – K independent components of lm i .
3N – K independent relations. f j q 0 w j q 1 r K x  provide K other relations.
The dynamical system is constrainedto a (3N-K)-dimensional hypersurface:
Configuration manifold y  of the system.
The problemis to pick the 3N-K componentsof the lm i that fully characterizethe
motion in y

Example:A particle moves along a vigid rod that rotates wih a given angular velocity z .

S{�}| t

m

y

x

y

x

~
e�~

e�
f 1 � z � 0

f 2 � arctan � y
x � H}| t � 0

z � �z � #z � 0 (  eliminate z-coordinates all together
x �K� cos S
y �j� sin S � ( f 2 �@S{H}| t � 0

The equation of motion is m ��x �<� grad f 2

grad � �e� 77 � $ �e� 1� 77 S#�x � � #�EHj� �S 2 � �e� $ �1� #ST$ 2 �� �S � �e�
grad f 2 � ~

e� 1�
Component along �e� : m ��D� m

� �� 2 � 0
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Component along �e� : m � #S{$ 2 m �� �S{� L�
The projection � m #�x H�L grad f 2 � I �v � m #�x I �v � 0 ����D� �e� �
is m ��D� m z 2

� � 0  since � � z t � �� � z .

Is a linear homogenous ODE with constant coefficients � � � t �M  e¡ t� � t ��� A e¢ t $ B e£¤¢ t

General solution:
(*)  

�� � z , �� � 0

z m
�� �¦¥�§

C ¨@© grad f 2 ¨ 2 m ª 2 §
e« ¬ A e­ t ® B ē°­ t ±

Now we return to our N-particle problem: Picking the ²³ i  to statisfy:´
i µ 1

N ²³ i
²¶

i f j · 0 ¸ j · 1. ¹ ,K º
means picking the generalized tangent vector with 3N-K independent components.
Define3N-K generalizedcoordinatesqalpha, »½¼ 1, ¾ , 3N ¿ K suchthat theyuniquelydetermine

all particlecoordinates Àxi Á Àxi Â q1, q2, Ã , q3N Ä K , t Å i Á 1, Ã ,N andguranteetheequationsof
constraint to be obeyed for any values of q Æ ,
f j Ç�Èx1 Ç q1 ¾ q f, t É , Èx2 Ç q1 ¾ qt, t É , ¾ ÈxN Ç q1 ¾ q f,t ÉÊÉ ¼ 0  or

f j Ç x, Ç q1 ¾ q f, t É , ¾ , x3N Ç q1 ¾ q f, t ÉÊÉ ¼ 0 for arbitrary Ë q Ì Í andfor j= 1,..,K wheref = 3N-
K is the number of freedoms of the system.Î

l

m

i ¼ 1 , ¾ , N
mi ÏÈxi

¼ ÈF i Ð ÈC i ;
f j Ñ�Òx1 , Ó , ÒxN , t Ô�Õ 0 j Õ 1 , Ó , K ;ÈC i

¼
Ö
j × 1

K Ø
j ÈÙ i f jÚ

i Û 1

N ÒÜ i Ý ÒÞ i f j Õ 0 j Õ 1 , Ó , K

Ú
i Û 1

N Ñ mi ßÒxi à ÒF i Ô ÒÜ i Õ 0
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Generalized Coordinates:
q á : â@ã 1 , ä , 3 N å Kæ çxi è çxi é q1 , q2 , ê , q3 N ë K , t ì i è 1 , ê , Næ f j í�îx1 í q1 , ï , qn , t ð , îx2 í q1 , ï , qn , t ð , ï , îxN í q1 , ï , qn , t ðñð�ò 0

n ò 3 N ó K  for any ô q õ ö ÷ j ò 1 , ï , K

3.1.3 Examples of configuration manifolds

Greek indices run from 1 to n ò 3 N ó K

The finite line

Motion of bead along wire.

N ò 1 , K ò 2 ø n ò 1 ;
Dimension of ùûú 1
Generalized coordinate: ó l ü 2 ý q ý l ü 2
The plane

Particle on a table: N ò 1 , K ò 1 ø n ò 2 ;

q1 ò x , q2 ò y ;

The Double Pendulum

Spherical pendulum suspended from another are:

http://www.skriptweb.de
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N ò 2 , K ò 2 ; 3 ÿ 2 ó 2 ò 4 ø dim � ò 4
q õ : � 1 , � 2 , � 1 , � 2

3.2 Lagranges' Equations

3.2.1 Derivation of Lagranges' Equations�
i � 1

N �
mi ��xi � �

F i 	�
 �� i 
 0��xi , 
�

F i  and 
��

i  use q õ
Notation: Wewill usethesummationconventionfor greekindices( 1 ï n ò 3 N ó K ), but we

continue to use summation signs for i ò 1 ï n .

Corollary : 
��

i 
���� � �xi

�
q1 , � , qn , t 	�

q �
where ���  are arbitrary constants (��� 1 � n ).

Proof: (1) f j � q1 , � , qn , t ��� 0  must be obeyed for any value of � q �  .!
f j!
q �#" 0

(2) $
i % 1

N &'
i ( &) i f j *,+ � $

i % 1

N
&)

i f j

! &
xi!
q � *-+ � ! f j!

q � *. 1 / 0 .

Choose: � + �0 * � 1 , 0 , 0 , 12 , � 0 , 1 , 0 , 13 , 1 :4
i % 1

N 5
mi 6&xi 7 &

F i 8 ! &xi!
q � * 0 9 * 1 , 1 , n ;:

F i ;3<>= V ? :x1 , @ ,
:

xN A ;
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3.2 Lagranges' Equations Page 40/1064
i % 1

N &
F i

! &
xi!
q � * 7 4i % 1

N
&)

i V ( ! &xi!
q � * 7 ! V!

q � ;6&xi ( ! &xi!
q � * d

d t

D�E&
xi

! &
xi!
q � F 7 E&

xi

d
d t G ! &xi!

q � H ;&
vi " E&

xi * d
&
xi

d t * ! &
xi!
q � E

q �JI ! &xi!
t

;! &
vi! E
q �K" ! E&

xi! E
q � * ! &

xi!
q � ;

d
d t L ! &xi!

q � M * ! 2
&
xi!

q � ! q N ( Eq N I !!
t L ! &xi!

q � M * !!
q � L ! &xi!

q N Eq N I ! &xi!
t M * ! &

vi!
q � ;O

i % 1

N

mi 6&xi ( ! &xi!
q � * Oi % 1

N P
d
d t G mi

&
vi

! &
vi! E
q � H 7 mi

&
vi

! &
vi!
q � Q * d

d t R ! T! E
q � S 7 !

T!
q �

T T 1
2

4
i U 1

N

mi vi
2 ;

d
d t V ! T! E

q � W 7 !
T!
q � I !

V!
q � * 0 9 * 1 , 1 , n!

V! E
q � * 0 ;5

V * V
5
q � 8 8

L * T 7 V :

Lagrangian function or simply Lagrangian L X q Y , Zq Y , t [ :
d
d t V]\ L\ Zq Y W_^ \ L\ q YK` 0 a ` 1 , b , n ` 3 N ^ K ;

Like Newtons'equations,Lagranges'equationsare a set of 2nd-order equations,but now for the
q Y X t [ . \ 2 L\ Zq c \ Zq Y]dq cfe \ 2 L\ q c \ Zq Y Zq cge \ 2 L\ t \ Zq YK^ \ L\ q YK` 0 ;

3.2.2 Examples

1.:
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3.2 Lagranges' Equations Page 41/106

q hji
x hji cos k t
y h�i sin k t
z ` 0

V ` 0

L Xml , Zlg[ ` T ` m
2
X Zx2 e Zy2 e Zz2 [ ;n

x h ni cos k t opiqk sin k t ;n
y h ni sin k t rjiqk cos k t ;

L Xsl , Zlg[ ` m
2
X Zl 2 e3t 2 l 2 [ ;u

Lu ni h m
ni , 

u
Lu i h m k 2 i ;viwo3k 2 ixh 0 ;

Old way:

f 1 ` z ` 0 ;

f 2 ` arctan y y
x z{ | ^ t t ` 0

m d}x `p~ grad f 2� ���
C

;}
C ` 2 m t 2 }e| X A e� t ^ B e��� t [ ;lxX t [ ` A e� t e B e��� t ;
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2.:

Two particles m1 , m2 areconnectedby an inextensiblestringof negligiblemassandof length l
which passes over a frictionless pulley of negligible mass.

q ` x1  (1 degree of freedom)
x1 ` q , y1 `2^ R , z1 ` 0 ;
x2 ` l ^ q , y2 ` R , z2 ` 0

T ` 1
2
X m Zx1

2 e m2 Zx2
2 [ ` 1

2
X m1 e m2 [ Zq2 ;

V `2^ m1 g x1 ^ m2 g x2 `2^ m1 g q ^ m2 g X l ^ q [ `3^ g X m1 ^ m2 [ q e const;

L X q , Zq [ ` 1
2
X m1 e m2 [ Zq2 e q X m1 ^ m2 [ q  �  X m1 e m2 [ dq ` X m1 ^ m2 [ g ;

3. Planar Double Pendulum:

x1 ` l1 sin � 1

y1 `3^ l1 cos � 1

z1 ` 0 ;
x2 ` l1 sin � 1 e l2 sin � 2 ;
y2 `�^ l1 cos � 1 ^ l2 cos � 2

z2 ` 0

T ` m1

2
X Zx1

2 e Zy1
2 [�e m2

2
X Zx2

2 e Zy2
2 [ ` m1

2
l1

2 Z� 1
2 e m2

2 � l1
2 Z� 1

2 e l2
2 Z� 2

2 e 2 l1 l2 cos X�� 1 ^ � 2 [ Z�
;

V ` m1 g y1 e m2 g y2 `3^ X m1 e m2 [ g l1 cos � 1 ^ m2 g l2 cos � 2 ;
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L ` T ^ V ;

3.2.3 Transformations and Conservation of Energy

Theorem: Let L1 and L2 be two Lagrangianfunctions such that the equationsof
motionobtainedfrom themareexactlythesame.Thenthereexistsa function � on
the configuration manifold �  such that

L1 � L2 � d �
d t

.

Proof: Jose and Saletan.\ 2 L\ Zq � \ Zq �]dq � ` G � X q , Zq , t [
Take q X t0 [ , Zq X t0 [ : Hessian Condition

det � \ 2 L\ Zq � \ Zq ��
Hessian Matrix ��� 0

Problem: Given L � E ` T e V ?

Single particle, cartesian coordinates:\ V\ Zx ` 0

T ` 1
2

m Zx2 � Zx \ L\ Zx ^ L ` Zx \ T\ Zx 
2 T

^ T e V ` T e V ` E

General case:

E X q , Zq [�¡ Zq � \ L\ Zq � ^ LZE ` d
d t ¢ Zq � \ L\ Zq � ^ L £ `¤dq � \ L\ Zq � e Zq � d

d t ¥ \ L\ Zq � ¦§ ¨
L¨
q© ^¤dq � \ L\ Zq � ^ Zq � \ L\ q � ^ \ L\ t ;

d E
d t `3^ \ L\ t

or\ L\ t ` 0 � d E
d t ` 0 ;

If L ` T ^ V  is time-independent and if \ V ª \ Zq ` 0  �  E ` T e V .

3.2.4 Charged Particle in an Electromagnetic Field}
F ` e X }E e }v « }B [

In this subsection, use W  for energy.

F ¬J­ e ® E ¬J¯�° ¬²±´³ v
±

B ³¶µ
http://www.skriptweb.de



3.2 Lagranges' Equations Page 44/106· �¸�¶¹ ` º 1 X»a�¼p½�[ is a even or cyclic permutation of (1 2 3)^ 1 X»a�¼p½�[ is anticyclic or odd permutation of (1 2 3)
0 otherwise

Levi-Civita antisymmetric tensor density° 1 2 3 ­ 1 , ° 2 3 1 ­ 1 , ° 3 2 1 ­2¾ 1 ;
E � `2^ \ � � ^ \ t A� ;X }E `3^ }¿ � ^ \ }A\ t

Law of induction

[ ;

B ¬>À-Á ¬¸±¶³ÃÂ ± A³X }B ` curl
}
A [\ � ¡ \\ x � , \ t ¡ \\ t

m Äx ¬ ­2¾ e Å ¬�Æ ¾ e Å t A¬ ¯ e ° ¬Ç±¶³�Èx ± ° ³ÊÉÌË Å É AË
v� ¡ Zx �
m Èv¬ ­2¾ e Å´¬ Æ ¾ e Å t A¬>¯ e ° ¬Ç±¶³ v

± ° ³ÍÉÎË Å´É AËÁ ¬²±´³ Á ³ÍÉÎË ÀpÏ ¬ÇÉ Ï ±�ËgÐ Ï ¬ÊË Ï ±�ÉÑ�Ò �Ç� ` Ó 1 a ` ¼0 a � ¼ Ôm Zv� `2^ e \ � � ^ e \ t A� e e X vÕ \ � AÕ ^ vÖ \ Ö A� [ ;

( \ t A�  und \ Ö A� : ^ d A� X }x , t [
d t

d
d t ` X m v� e e A� [�e \ � X e � ^ e vÕ AÕ [ ` 0×  does not depend on v� , A�  does not depend on v�  �
L ` 1

2
m Zx2 ^ e �ØX }x , t [�e e Zx � A� X }x , t [ ` 1

2
m Zx2 e e Z}x Ù }A X }x , t [ ^ e �

W ` Zq � \ L\ Zq � ^ L� W ` 1
2

m Zx2 e e �
3.3 Central Force Motion

Considertwo bodies(masspoints) m1 and m2 , interactthrougha force directedalong the line
joining them and depends only on distance between the mass points:

m1 d}x1 ` }F X }x [
m2 d}x2 `3^ }F X }x [
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3.3 Central Force Motion Page 45/106}
F  = force that particle 2 exerts on particle 1 and 

}
x ` }

x1 ^ }
x2 .Ú ÛÜx Ý ÜF

1Þ ` 1
m1

e 1
m2

orÞ ` m1 m2

m1 e m2

is reduced mass.

The relative motion of the two bodies single equation of motion:}
F ` ^ }¿ V ;
V ` V X ß }x ß [ ¡ V X r [

Angularmomentumvector
Ü
J Ý Ú Üx à áÜx is constant.Since

}
J is alwaysperpendicularto both

}
x

and Z}x ,
}
x lies alwaysin a fixed plane perpendicularto

}
J which is determinedby the initial

conditions.

Choose: 
}
J â z-axis

L ` 1
2

Þ Zx2 ^ V X r [ ` 1
2

Þ X Zr 2 e r 2 Z� 2 [ ^ V X r [
[ Z}x ` Zl }eãfepl Z� }

eäåe Zz }
ez ; áz Ý 0 æ áx2 Ý áç 2 è ç 2 á× 2 ;]

two freedoms: r , ×
In addition, L total ` L relative e 1

2
M ZX 2� :

d
d t

X Þ r 2 Z�é[ ` 0

r :
Þ dr ` Þ r Z� 2 e d V

d r ` 0

v ê2ë r ìí
http://www.skriptweb.de
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l ëðï r v êpëðï r 2 ìíÞ
r 2 Z� ` const ` l ` magnitude of ñ }J ñÚ Ûr ò l2Ú r 3

è d V
d r

Ý 0

orÞ dr ^ d
d r ó l2

2
Þ

r 2 e V X r [ ô ` 0

This is equationfor a one-dimensionalmotion of a singleparticleof mass Ú undereffective one-
particle potential.

V õ r ö�Ý l2

2 Ú r 2
è V õ r ö÷

L X r [ ` 1
2

Þ Zr 2 ^ ÷
V X r [ø

V õ r ö�Ý l2

2 Ú r 2
è V õ r ö

equivalent one-dimensional problem

V õ r ö¶Ý ò�ù
r

 ( a ` G
Þ

M ` G m1 m2  or ùpÝ Z e2  for e Z e  (nucleus) and ^ e  (electron))

centrifugal barrier

E ` T e ÷
V ` 1

2

Þ Zr 2 e l2

2
Þ

r 2 e V X r [ ` 1
2

Þ Zr 2 e 1
2

Þ
r 2 Z� 2 e V X r [ ` const;

Eorig ` E e 1
2

M ZX 2 ;

( ZX ` const, initial conditions)

http://www.skriptweb.de
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3.3.1 The Kepler Problem

Kepler: born in Weil der Stadt

V õ r ö�Ý2ò ù
r

, ùéÝ G Ú M � 0

(K1) the orbit of each planet is an ellipse with the sun at one of is foci

(K2) the position vector from the sun to the planet sweeps out equal areas in equal times

(K3) the period T of eachplanet'sorbit is relatedto its semimajoraxis R so that
T 2 ª R3  is the same for all planetsÚ Ûr ò l2Ú r 3
è d V

d r
Ý 0 , V Ý�ò ù

r
, ù�� 0 ;

r ` r X t [ , � ` �ØX t [�� r
� �ØX t [ �

d
d t

Ý á× d
d × Ý lÚ r 2

d
d × ;

d2

d t2 ` l2Þ
2 r 2

d
d � �

1

r 2

d
d � �

u ` 1
r

;

d V
d r � ù

r 2
Ý3ù u2

d2

d t2 	 1
u 
 eébÞ

l2 u2Þ
2

d
d � � u2 d

d � 1
u� 
��

1

u2

d u
d � � ^ l2Þ

u3 e3a u2 ` 0

multiply by 
Ú

l2 u2 :
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d × 2 ò u è ù Ú
l2 Ý 0 ;

d2 u

d × 2
è u Ý ù Ú

l2

ODE of harmonic oscillator

u � 1
r
Ý ù Ú

l2 ��� cos õ × ò × 0 ö è 1 ��  (called the eccentricity) and � 0  are constants of integration

If � Ý 0 æ  orbit is a closed circle, � 0 `��
1
r
Ý ù Ú

l2 � 1 ò � cos ×��
0 � � � 1× Ý�� : r õ���ö�Ý r min Ý l2ù Ú õ 1 è � ö  perihelion× Ý 0 : r õ 0 ö�Ý r max Ý l2ù Ú õ 1 ò � ö  aphelion

õ x ò a � ö 2
a2

è y2

b2 Ý 1 ; a Ý p

1 ò � 2 , b Ý p

1 ò � 2 , p Ý l2ù Ú ;

r  r min : v ! position vector to the sun �  l  r min " v

T ` 1
2

Þ
v2 ` 1

2

Þ
l2

r min
2
Þ

2 ` Þ a 2 X · e 1 [ 2
2 l2 ;

V `j^ a
r min

, E Ý T è V Ý Ú ù 2 õ � è 1 ö 2
2 l

ò ù 2 Ú õ 1 è � ö 2

l2 # 2 Ý Ú ù 2 õ � 2 ò 1 ö
2 l2 ; � Ý 1 è 2 E l2Ú ù 2

;

If  � � 1  ( E $ 0 ) �  closed orbit
If  �&% 1  ( E ' 0 ) �  open orbit, hyperbolic (� � 1 ) or parabolic (� Ý 1 )

(K2):  Ú r 2 á× Ý l Ý const

http://www.skriptweb.de

x

y

r min r max

r (



3.3 Central Force Motion Page 49/106

1
2

r 2 d � ` d F ;

1
2

r 2 Z� ` ZF ` const;

3.4 The Tangent Bundle TQ

Lagranges' equations are 2nd-order ODE on the configuration manifold ) .

Velocity phase manifold T ) .

Consider 2 particles move on the 2-D surface of a sphere: S2

The velocity vector of each particle is tangent to the sphere:}
v * + tangent planes of all points* S2 ,

The differencebetweenthe velocity vectors(at two different points)doesnot lie in either tangent
plane.

The Lagrangian L X q , Zq , t [ ; q ¡ - q . / a ` 1 , b , n ` 3 N ^ K 0 :
L  depends on a larger manifold that is called õ T ) ö  velocity phase manifold.
dim õ T ) ö�Ý 2 n q , áq

Tangent bundle or tangent manifold of ) .

ThespaceT ) is obtainedfrom ) by adjoiningto eachpoint q 1 ) thevectorspace,calledthe
tangent space T q 2 , of all possible velocities at q , which are all tangent to )  at this point.

T )  is made up of )  plus all the Tq 2  for q 1 ) .

Each point in T )  is X q , Zq [ ` + X q . , Zq . [ , a ` 1 , b , n ,  analogous to X x , v [
Through each point õ q , áq ö31 T )  passes just one solution of the E M, one phase trajectory.
Therefore phase portraits can be constructed in T ) .

Example: Plane pendulum

4 ` S' ` 5 � 60 7é�87 2 � 9 ; á× 1éõmò;: , :�ö
http://www.skriptweb.de
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T S' is a cylinderto each × 1 S' , we attachaninfinite line. Theline attachedto × is T > S' and
is called the fiber above ? .

On T ) , the Lagranges' equations are a set of first-order ODEs for the q . X t [  and the Zq . X t [ .

n  equations: H X q , Zq , t [ d
d t

X Zq [ ` G X q , Zq , t [
n  equations: Zq ` d

d t
X q [�  2 n  equations for 2 n  unknowns

The initial conditions for these 2 n  1st-order ODEs are the 2 n  initial valuesX q0 , Zq0 [�¡@+ q .>X 0 [ , Zq .>X 0 [ , .

Thus,giventheinitial point in T ) , therestof thetrajectoryis uniquelydeterminedanalyticallyby
the E0 M  or graphically by the phase portraits.

Example: Plane pendulum, E ` 1
2

m l2 Z� 2 ^ m g h cos � ` const

http://www.skriptweb.de
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4. Topics in Lagrangian Dynamics

4.1 The Variational Principle and Lagranges' Equations

The Action

Examples of varionational problems:

A. Given a fenceof a fixed length.What shapeprovidesthe largestareait cansurround?Answer:
Circle!

B. Optimization: How to choosesomeparametersin order to make somefunction or value an
extremum?

Show: a dynamical system moves so as to minimize the action

S C�D
t0

t1

L E q , Fq , t G d t

trajectory q E t G : S  is an functional of q E t G , depends on q E t G  and all of t *IH t0 , t1 J
S H q E t G J K ! Minimum , domain = function space

Theorem (Hamilton's variational principle) : The physical trajectory is the one for
which S  is a minimum.

Families of trajectories starting at q E t0 G  and ending at q E t1 G : q L t ; MONM&P 0 : S K Minimum

d S
d Q R SUT 0

K V d
d Q D t0

t1

L E q , Fq , t G d t W SXT 0
K 0

d
d Q R SXT 0

CZYY S K Y D
t0

t1

L E q , Fq , t G d t K 0 ;

http://www.skriptweb.de
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4.1 The Variational Principle and Lagranges' Equations Page 53/106Y L Ked Ld q f Y q fhg d Ld Fq f Y Fq f ;d Ld Fq f YiFq f Kjd Ld Fq f d
d t

EUY q f G K d
d t k d Ld Fq f Y q f lnm k d

d t d Ld Fq f l Y q f ;

Order of d o d t  and d p d q  is arbitrary.Y L K rsd Ld q f m d
d t t d Ld Fq f u v Y q f;g d

d t w d Ld Fq f Y q f x
0 K Y S K�y

t0

t1 z d Ld q f m d
d t { d LY Fq f}|�~ Y q f d t g y

t0

t1

d
d t k d Ld Fq f Y q f�l d t�

L���
q��� q� �

t 0

t 1

K 0

y
t0

t1 H�� J Y q f d t K 0

applies to any � -family of trajectories�
q �  are arbitrary (vanish at end points)�  d Ld q f m d

d t � d Ld Fq f � K 0 .y
t0

t1

f f h f d t K E f , h G
f , h � F  vector space with components � f f�� , � h f��

If  ��� ,
�

q ��� 0  for arbitrary 
�

q � F  ��� � 0 �X��� � q �� f Kjd Ld q f m d
d t � d Ld Fq f �

Inclusion of constants:

Given: � , L � T � ; dim � T  ¡�}� 2 n
Wish to add additional constraints, may be holonomic or nonholonomic
f j ¢ q , £q , t ¤�¥ 0 j ¥ 1 , ¦ , K  (*)

where K § n  are the additional constraints.

Variational method: We now require that the comparison paths satisfy the new constraints.

http://www.skriptweb.de
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Now: Y q � F ¨©Y q ªhC d q
ªd Q «  are not arbitrary but are restricted by (*)d f jd Q C d f jd q

ª d q
ªd Q g d f jd Fq ª d Fq ªd Q K 0

Multiply each of these K  equations by an arbitrary sufficiently well behaved function ¬ j ¢ t ¤ :­
t0

t1 ®
j ¯ 1

K °²±
j d f jd q

ª d q
ªd Q g ± j d f jd Fq ª d Fq ªd Q ³ d t K 0

Use same trick as before to convertd fd Fq ª d
d t ´ d q

ªd Q µ·¶ d
d t

EZG m �¸Y q
ª­

t0

t1 ®
j ¹ ± j d f jd q

ª m d
d t º ± j d f jd Fq ª » ¼ d q

ªd Q d t K¾½ ®
j

�
j , Y q ¿ K 0 ;

„allowed“ À q -vectors that satisfy f j Á 0 .

Note that we still have ÂXÃ , À q Ä�Å 0 , Ã�ÆÇÀ q , Y q È É
j

�
j  �

d
d t dd Fq ª Ê L g ®

j ¯ 1

K ±
j f j Ë m dd q

ª Ê L g ®
j ¯ 1

K ±
j f j Ë K 0Ì

j  are called Lagrange multipliersÍ
L K L g ®

j

±
j f j

If constraints are holonomic:
d
d t d Ld Fq ª m d Ld q

ª m ®
j

±
j d f jd q

ª K 0 Î K 1 , � , n

f j Ï q , t Ð Á 0 j Á 1 , Ñ , KÒ Ï q Ó ,
Ì

j Ð
For nonholonomic constraints:
If constraints depend linearly on general velocities, use a trick:
Assume f j Á f j Ï q Ð Á 0  are holonomic�  then we define new constraints

g j C d f j

d t K d f jd q
ª Fq ª K 0

d
d t d Ld Fq ª m d Ld q

ª m ®
j

±
j d g jd Fq ª K 0

Example: A particleof mass m thatmovesundertheinfluenceof gravityon theinnersurfaceof a
cone x2 g y2 K a z  which is assumed to be frictionless.
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V K m g z

L K 1
2

m E FÔ 2 g Ô 2 FÕ 2 g Fz2 G m m g z

Additional constraints: f Ö¾×ÙØ a z Ö 0 Ú K Ö 1 ÛE Ô , Õ , z G ¶ d fd Ô , d fd Õ , d fd z

(1)
d
d t Ü d Ld FÔ Ý m d Ld Ô K ±  �  m Ú Þ×�Ø¾× ßà 2 Û�Ö�á

(2)
d
d t â d Ld FÕ ã m d Ld Õ K 0  �  m

d
d t ä Ô 2 FÕ G K 0  �  m × 2 ßà Ö l

(3)
d
d t å d Ld Fz æ m d Ld z K m ± a  �  m Þz ÖçØ m g Ø�á a

Inserting (2) into (1) and setting a Þz Ö Þ×�  
± ä t G K 1

1 g a2 è m m g a m l2

m Ô 3 éÞ×ÙÖ 1
2 ê l

m ë 2
1× 3 Ø g

2ßì Ö l

m × 2

z Ö¾×
4.2 Molecular dynamics

V ä r ij G K 4 Q í îðï
r ij ñ 12 m îðï

r ij ñ}ò 6 ó
r ij ô r c

first fraction: resistanceto compression,repulsionat closerangeprovidedby closedinner shellsof
atoms
second fraction: attraction leading to binding

Liquid inert gas (argon):
Van-der-Waals attraction

http://www.skriptweb.de
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r ij K ÷ùør i m ør j ÷ , ú  governs the strength of interaction, û  length scaleøF ij K ü 48 Qï 2 ý í îðïr ij ñ 14 m 1
2
îðï

r ij ñ 8 ó ør ij  �
m þør i ÿ �

j � 1�
j � i � øF ij � øF i

Kinetic energy per atom is
K
N � m

2 N

�
i � 1

N

vi
2

Macroscopic temperature of an ensemble of particles:

3
2

kB T � m
2 N

�
i � 1

N

vi
2

kB � 1.38065	 10
 23 J K 
 1  Boltzmann constant

Lennard-Jones, Los Alamos National Laboratories

Boundary Conditions:

Homogenousbulk systems:solids, liquids, gases in container. N � 1029 m � 3 , Computer:
N § 107 atoms.

Number of atoms near walls:� N
2
3 � 1019 1

m2� 1 : 1010 atoms

Simulation: N � 1000: roughly N � 500 lie close to walls!

http://www.skriptweb.de
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Periodic boundary condition

1-D:

2-D: Torus

>3-D: n-dimensional Torus

Infinite space-filling array of identical copies of the simulation region:

2 consequences:
 Atom leaves to the right �  reenters to the left
 Atoms lying within rC  of a boundary interact with atoms in an adjacent copy of the system�  wraparound effect

Integration :
 Runge-Kutta Method
 Leapfrog method („Bockspringer“)

h ��� t  timestep

vxi

�
t g h

2 � ÿ vxi

�
t m h

2 � g h axi ä t � ;
r xi ä t g h � ÿ r xi ä t � g h vxi

�
t g h

2 �
Errors :
O ä h4 �  for r
O ä h2 �  for v

Typical timesteps for atoms: 1 fs ÿ 10� 15 s

http://www.skriptweb.de
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Constraint method for constant temperature

Initialize: random positions ør , random velocities øv  such that:�
vi

2 � ! given temperature

1
2

m
�
i � 1

N ��
r i

2 ��� T � const

as constraint.þør i ÿ 1
m

øF i g ±��ør i ; multiply by 
��

r i�
T ÿ 0 � �

i

�ør i � þør i ÿ 0 ; "! ��# � ��
r i $ �F i

m
�

i

�
r i

2

Modify the leapfrog velolcity equation:øvi % t g h
2 & ÿ ä 1 g ± h � øvi % t m h

2 & g h ' 1 g ± h

2 ( øF i ä t �
where! �)# � i �vi * t + $ �F i * t +�

i

vi
2 * t +

andøvi ä t � ÿ øvi , t m h
2 - g h

2
øF i ä t �

Interaction computations: Cell subdivision

Force felt by 1 particle:

effort . O ä N 2 �
Concept of cell subdivision:
Divide simulation region into a lattice of small cells with cell edges slightly exceed r c  in length.

Atoms areassignedto cells on the basisof their currentpositions � only atomsin adjacentcells

http://www.skriptweb.de
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interact.

Because of symmetry: only half the neighboring cells need to be considered.

Data organization: linked lists
Economizestorage:linked list associatesa pointerwith eachparticlethat pointsto the next until a
pointer value 0 is encountered, terminating the list. A separate list is required for each cell.

4.3 Cyclic coordinates

d
d t / d Ld �q 0 1 ÿ32 L2 q 0 ;

q 4  does not appear in L5 2 L2 q 0 ÿ 0 5 2 L2 �q 0 ÿ constof motion

P 4 ä q ,
�
q , t � �62 L2 �q 4

Generalized momentum conjugate to q 4 : 
Such coordinate q 4  is calles cyclic or ignorable coordinate.
If initial phasepoint lies on any submanifoldwhoseequationis of the form P 4 ÿ C , the motion
stays on that submanifold.

Example 1:

L ÿ 1
2 798 �r 2 : r 2

�; 2 �=< V 8 r >? P @BADC LC EFHG)I r 2 EF G conservedGKJC
Example 2: A free particle in cartesian coordinates

L L 1
2

m 8NMx2 : My2 : Mz2 >5 Px OP2 L2 Mx L m Mx L conserved

Note: If q Q is ignorable, then 2 L R 2 q 4 L 0 , which meansthat L doesnot changeas q Q
varies, or L  is invariant under translation in the q S  direction in T T .

Example 3:

L L 1
2

m 8 Mx2 : My2 : Mz2 >=< m g z .

4.4 Dissipative Forces in the Lagrangian FormalismU
i 0 1

N 8 mi VWxi < WF i > 2 Wxi2 q 0 L 0 X�L 1 , Y , nZ
F i [)\ Z] V ^ Zx1 , _ ,

Z
xN `U

i a 1

N W
F i 2 Wxi2 q 0 L�< U i Wb

i V 2 Wxi2 q 0 L)< 2 V2 q 0
http://www.skriptweb.de
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Now: 
W

F i L W
F Pi

: W
F D i

where curli
W

F Pi
L 0  but curli

W
F D i c 0d

i

W
F D i e Wxie q f O D fd

i

W
F i e Wxie q f L�< e Ve q f : D f

d
d t g e Le Mq f h < e Le q f L D f
L L T < VW
F D i

L�< bi

W
vi bi i 0

Theseforcesdo negativework on theparticleasit moves 5 leadsto energyloss.Forcesarecalled
dissipative.

D f L�< U bi

W
vi e Wxie q f L�< U bi

W
vi e Wvie Mq f L�< ekjFe Mq f , jF L

U
i a 1

N
1
2

bi vi
2

Note: 
Z
vi  are the real velocities, Mq f  are generalized velocities.jF  is called the Rayleigh function.

The rate of energy loss:
d E
d t

L d
d t g9Mq f e Le Mq f < L h L Vq f e Le Mq f : Mq f d

d t g e Le Mq f h < d L
d tL Mq f l d

d t g e Le Mq f h < e Le q f m L)< Mq f enjFe Mq f
Cartesian coordinates:< U

i

W
vi

W
F D i

L Power lossL rate of energy loss

Example: Equilibrian lattice constant of an inert gas crystal

The lattice constant of a simple cubic lattice. Crystal: periodic.
Equilibrium: Atoms at rest

Etot L 1
2

d
j

V 8 r ij > ;
r ij L o Wr i < Wr j o

Atoms: denumerable setZ
r i [ a ^ n Z

ex p m
Z
ey p k

Z
ez `=[ a

Z
unmk n , m , k qsr3^ integers̀

a : lattice constantZ
r ij : ^ i , j `ut ^ i , i jv

l

`
Etot L 1

2

d
i l

V 8 r l >=L 1
2

N
d

l

V 8 r l >
http://www.skriptweb.de
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Etot L 1
2

N 4 w x d
n m k y za unmk { 12 < d

n m k y za unmk { 6 |
a } r c } 2 a~
n m k

' unmk

� 12 L 6  (
d

'  means: n L m L k L 0  excluded)~
n m k

' unmk

� 6 L 6

d Etot

d a
L 0 L)< 2 N w � 12 � 6 z 12

a13 < 6 � 6 z 6

a7 ��� az L 2
1
6 L 1.12

Experimentally: all inert gas crystals have lattice constants where a R r � 1.09 (face centered cubic)
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5. Scattering and Linear Oscillators

5.1 Scattering

Consider a central-force dynamical system that possesses unbounded orbits.

Angle betweenthe distantincomingvelocity vectorandthe distantoutgoingoneis the scattering
angle.

Considerbeamof noninteractingparticlesincidenton a stationerytargetconsistsof a collectionof
other particles.
Theflux density or intensity I of beam= numberof particlescrossinga unit areaperpendicularto
the beam per unit time.

A  = beam's cross-sectional area
n  = number of target particles per unit area = density of target particles

Assume: beam particles interact with target particles through a hard-sphere interaction�  Cross-sectional area of this interaction is z L)� 8 r : R > 2  where
r  = radius of target particle
R  = radius of beam particle

�  The total interaction cross section that the target particles present to the beam isd L n A z < N zN  = number of target particles within the cross-sectional area of the beam�  On the average, the number of collisions per unit time = I
d

http://www.skriptweb.de
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z L)� 8 r : R > 2
Scattering rate: number of particles scattered out of the beam per unit time =
S L I

d L I N zFor arbitrary interactions: total cross section � tot  per particle:z L out-flux
in-flux per unit area � area�

In experiment: place a detector at some distance from target

colatitude �
azimuth �
Detector subtends a small solid angle d �HL sin � d � d ;

detects a number d S of particles, d S L I N z 8 � , ; > d � , where ����� , ��� is the
differential cross section andz tot L � z 8 � , ; > d � .

Singletargetparticle N L 1 ; central-forceinteraction.Let this targetparticlebein thecenterof the
beam�  ���9�������
http://www.skriptweb.de
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2 � z 8 ��> sin � d ��L d S
I

d S  = number of particles scattered into angles between �  and � � d �  for any � .

Consideran incident particle aimed somedistance b (called the impact parameter) from the
target particle.

The part of the beamthat lies in the ring of radius b and of width d b getsscatteredthrough
angles �  to � � d � .
The ring has 2 � b d b .

Number of particles scattered into d �  interval =
2 � b d b¡

A

� I
2 � b 8 ��> d b L�< 2 � z 8 ��> sin � d �
b  depends on initial onditions

l �£¢ v b

At r L < ¤ :

http://www.skriptweb.de
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E L 1
2 7 v2

l ­ b 2 ® E

Total energy of relative motion was

E L 1
2 7 Mr 2 : 1

2 7 r 2 M; 2 : V 8 r >
d
d t

L l7 r 2¯©° ±² d
d ;

E L l2

2 7 r 4 ³ d r
d ; ´ 2 : l2

2 7 r 2
: V 8 r >

d µ
d r

­ ¶ d r
d µ ·¹¸ 1

�  integrate motion from r 0  to r; 8 r >=L l2

2 7nºr 0

r
d r

r 2 E < V 8 r >=< l2

2 7 r 2

Angle µ  ↔  scattering angle »

��L)�¼< 2 ;��L)�¼< 2 b ºr 0

½
d r

r r 2 ¾ 1 < V 8 r >
E ¿ < b2

where r 0  is the minimum radius = Y .
Apply this recipe to the Coulomb force V 8 r >=L�ÀÁXÂR r , beam particles of mass m  �
http://www.skriptweb.de
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Rutherford scattering cross sectionz 8 ��>=L X 2

4 m2 v2

1

sin4 �
2

z tot 8 Coulomb>=L º d � z 8 ��>=Ls¤�  long-range nature of Coulomb potential

Real potential:Å Æ
r

e¸ÈÇ r

screened Coulomb potential

z�É � , ; >=L d zd � L # particles scattered into d �  per unit time
# particles incoming per unit time and unit source

Differential cross section („differenzieller Wirkungsquerschnitt“), solid angle („Raumwinkel“)

5.2 Linear Oscillations

5.2.1 Linear Approximation, small vibrations

q0  = stable equilibrium point of a Lagrangian system in one freedom

Potential energy is:

V É q >=L V É q0 > : É q < q0 > V' É q0 > : 1
2 É q Ê q0 > 2 V'' É q0 >=Ë�Y  (Taylor)

V' É q0 >=L 0

http://www.skriptweb.de
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x O q Ê q0 �
L É x , Mx >¹L 1

2
m Mx2 Ê 1

2
k x2� Vx Ë)Î 2 x L 0 , ÎÏL k
m

k L V'' É q0 >  force constant or effective spring constant

x É t >=L a cos Î t Ë b sin Î t L C cos É Î t Ë9ÐÑ>=L Re É X ei Ò t >=L)X ei Ò t Ë�X * e¸ i Ò t

E L 1
2

m Mx2 Ë 1
2

k x L 1
2

m C2 Î 2Ó °
k C 2

sin2 É Î t Ë9ÐÑ>=Ë 1
2

k C2 cos2 É Î t ËÔÐ�>=L 1
2

k C 2 L const

Mx2Î 2 C2

x2

C2 L 1

Origin: x L Mx L 0

L L 1
2

mÕ×Ö É q > Mq Õ Mq Ö Ê V É q >
V É q >  has minimum at same q0 :e Ve q

Ö Ø
q0

L 0 Ù ÚÛL 1 , Y , n

q0  is stable equilibrium point

V É x >Ü� 1
2

K Õ×Ö x
Õ

x
Ö

http://www.skriptweb.de
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K ÕNÖÞL e 2 Ve x
Õ e x

Ö ß
x

°
0

x
Õ L q

Õ Ê q0

Õ
x L 0  is minimum �  K àNá  forms a positive Matrix, i.e.

 V É x > O K ÕNÖ x
Õ

x
Öãâ

0 Ù x c 0

K
↔

 is called force constant matrix

mÕNÖ É q >=L M ÕNÖäË RÕ×Ö¹å x
å Ë�Y

T æ 0 ç M à×á  is positive definite,
M Õ×Ö Mx Õ Mx Ö i 0 Ù Mx i 0�  to lowest order in x

L L 1
2

M Õ×Ö Mx Õ Mx Ö Ê 1
2

K Õ×Ö x
Õ

x
Ö �

Vx Õ ËÔè ÖÕ x
Ö L 0è ÖÕ L M Õ×å¸ 1 K åéÖ

L L 1
2 É MWx , M

↔ MWx >=Ê 1
2 É Wx , K

↔ W
x >

Note: M ¸ 1  exists since M  is positive definite.

Equations of n  coupled oscillators:
L ê Tq0 ë ,

W
x L É x Õ >  are directions in Tq0 ë , and É Wx ,

W
y >=L x Õ yÕ

VWx Ë�è↔ W
x L 0

è↔ L M
↔ ¸ 1

W
K

Solutions are called normal modes ì  Eigenvectors and eigenvalues of í↔Wè Wx Lïî Wx� VWx L�Êðî Wx L�ÊñÎ 2 Wx
Normal frequencies ò . The eigenvectorsoscillate like independentone-freedomharmonic
oscillatorsandthuspoint alongthe normalmodes.The ò aresquarerootsof the eigenvaluesofí↔ .ò  real � î â 0ó ô

0 : VWx L 0 � Wx L WA t Ë WB  force free motion of the whole system

Let 
W
a  be an eigenvector:è↔ W

a L£Î 2 Wa
http://www.skriptweb.de



5.2 Linear Oscillations Page 69/106� Wx É t >=L Wa õöX ei Ò t Ë�X * e¸ i Ò t ÷ L 2
W
a ø A cos Î t Ë B sin Î t ùú

A
ô

Re û , B
ô�ü

Im ûäýW
x É t >=Lÿþå ° 1

n W
a å�� X å e

i Ò�� t Ë�X å* e¸ i Ò�� t �X9L Re X�Ë i Im X�L�X R Ë i X I ;É X R Ë i X I � É cos Î t Ë i sin Î t � Ë É X R Ê i X I � É cos Î t Ê i sin Î t � L 2 X R cos Î t Ê 2 X I sin Î t

Example: Idealized linear classical water molecule

let equilibrium distance between neighboring atoms be b
x2

0 Ê x1
0 L b , x3

0 Ê x2
0 L b

V É x1 , x2 , x3 � L k
2 � É x2 Ê x1 Ê b � 2 Ë É x3 Ê x2 Ê b � 2 �

qi L xi Ê xi
0

V É q1 , q2 , q3 � L k
2 � É q2 Ê q1 � 2 Ë É q3 Ê q2 � 2 �

T É Mx1 , Mx2 , Mx3 � L m
2 � Mx1

2 Ë Mx3
2 	 Ë M

2 Mx2
2 L m

2 � Mq1
2 Ë Mq3

2 	 Ë M
2 Mq2

2

L É q , Mq � L 1
2
þ

i , j

°
1

3 

M i j Mqi Mq j Ê K i j qi q j �

M
↔ L � m 0 0

0 M 0
0 0 m 
 , M

↔ ¸ 1 L 1
m

0 0

0
1
M

0

0 0
1
m

, K
↔ L k

�
1 Ê 1 0Ê 1 2 Ê 1
0 Ê 1 1 


V L k
2 � 2 q2

2 Ê q2 q1 Ê q1 q2 Ë q1
2 Ë q3

2 Ê q3 q2 Ê q2 q3 � L k
2
þ
i , j

K i j qi q j

è↔ L M
↔ ¸ 1 K

↔ L k

1
m

Ê 1
m

0Ê 1
M

Ë 2
M

Ê 1
M

0 Ê 1
m

1
mè↔ W

q L£Î 2 Wq ì É è↔ Ê)Î 2 E
↔ � Wq L 0
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det É è↔ Ê)Î 2 E
↔ � L 0 L � km Ê£Î 2 Ê k

m
0Ê k

M
2 k
M
Ê)Î 2 Ê k

M

0 Ê k
m

k
m
Ê�Î 2 ��� î�� k

m� � k
M� � î Ê)Î 2 Êðî 0Ê � 2 � Ê)Î 2 Ê �

0 Êðî îÛÊ£Î 2 ��� î�� Ê � Ê �
0 î Ê�Î 2 � Ë É î Ê�Î 2 ���2 � Ê£Î 2 Ê �Ê î îÛÊ)Î 2 �� Êðî � É îÛÊ)Î 2 � Ë É î Ê£Î 2 � � É îÛÊ£Î 2 � É 2 � Ê£Î 2 � Ê�î � �� É î Ê)Î 2 � � É îÛÊ)Î 2 � É 2 � Ê£Î 2 � Ê 2 î � ��! 2 "  2 # 2 $ #!%'& É î Ê£Î 2 � Î 2 É Î 2 Ê 2 � Êsî � � 0(  Normal frequencies )+*) 1 � k

m
, ) 2 � k , 1

m - 2
M . , ) 3 � 0/1032 ) %2 465q � 05q1 �87 1

02
1 9 , 5q2 � 12

2
m
M

1

, 5q3 �:7 1
1
1 9:;<

q1 1 � 1 =>
q1

<
t =

q2

<
t =

q3

<
t = ? �:7 1

02
1 9A@B; 1 ei  1 t - ; 1

* e
# i  1 t C - 12

2
m
M

1
@B; 2 ei  2 t - ; 2

* e
# i  2 t C - 7 1

1
1 9 < a - v t =

q1

<
0 = � 2 A , q2

<
0 = � A

m
M

, q3

<
0 = � 0D

q * < 0 = � 0 E F>
q1

<
t =

q2

<
t =

q3

<
t =G? � 1

2
A

cos ) 1 t - cos ) 2 t2
2

m
M

cos ) 2 t2
cos ) 1 t - cos ) 2 t

L � 1
2 H D5x , M

↔ D5x I 2 1
2 H 5x , K

↔ 5x IJ5x � - 0↔ 5x � 00↔ � M
↔ # 1 K

↔K↔ L
x MON Lx ; NQP:R 2
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1) Given an arbitrarysquarematrix An S n , aij TVU . Then A possessesexactly n eigenvaluesW
i T�X . If Y i Z Y j , E i , j , then there exist exactly n  linearly independent eigenvectors.

2) Given a real symmetricmatrix. All eigenvaluesarereal.If Y i Z Y j , E i,j , the eigenvectorsare
orthogonal to each other. If an eigenvalueis p-fold degenerated,there exists p linearly
independenteigenvectorsthat maybe orthogonalized(e.g.by the Gram-Schmid-Procedure).[
Orthogonal eigenvectors

3) Given A , B . A , B are real symmetricmatrices( n \ n ). If A B Z B A ( A B is not
symmetric. Therefore, its eigenvectors are not orthogonal even though Y i Z Y j E i , j0↔ 5x � ) 2 5x0 � 1

m
0 0

0
1
M

0

0 0
1
m]

M ^ 1
k
m

2 k
m

02 k
M

2 k
M

2 k
M

0
2 k

m
k
m_

K) 1 � k
m

, ) 2 � k ` 1
m - 2

M a , ) 3 � 05q1 � c1 b 1
02
1 c , 5q2 � c2

12
2

m
M

1

, q3 � c3 b 1
1
1 c

M d 1
↔

K
↔ 5x � ) 2 5x

M
↔ e 1

2 K
↔ f

x g�h 2 M
↔ e 1

2
f
x

M
↔ e 1

2 K
↔

M
↔ e 1

2 M
↔ 1

2
f
x gVh 2 M

↔ 1
2
f
x

M
↔ e 1

2 K
↔

M
↔ e 1

2
f
y g�h 2

f
y

M
↔ d 1

2 K
↔

M
↔ d 1

2 � k
m

2 k

m M
02 k

m M

2 k
M

2 k

m M

0
2 k

m M

k
m5y1 � c1 b 1

02
1 c , 5y2 � c2

12
2

m
M

1

, 5y3 � c3

1

M
m
1
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5.2.2 Forced and Damped Oscillations

One-freedomcase:undampedharmonicoscillatordriven by an additionalexternaltime-dependent
force F

<
t = .

If the force dependsonly on time, it can easilybe fit into the Langrangianformalism.The time-
dependent Lagrangian
L'
<
q ,

D
q , t = � L

<
q ,

D
q = - q F

<
t =  ( L'  does not mean „derivative“)

m
J
q � 2Ai Vi q - F

<
t =

Oscillator:

L � 1
2

m
D
q2
2 1

2
k q2 - q F

<
t = J

q - ) 0
2 q � f

<
t = ; (*)

f
<
t = � F

<
t =

m
, ) 0 � k

m
forced or driven oscillator

Assume: Driving force F
<
t = � F 0 cos j th : angular velocity of the oscillatork

: angular velocity of the driving force

A particular solution has the form
C cos

< j t - Fl=
(*)  

( F � 0 , C � f 0) 0
2
2 j 2

General solution of (*) for j Z ) 0 :

q
<
t = � A sin

< ) 0 t -:m = - f 0 cos j t) 0
2
2 j 2

A , n  depend on the initial conditions.k
-term is in phasewith driving force if jpo ) 0 . If jrq ) 0 , q

<
t = oscillatesout of phase

(phase factor s ) with driving force.j � ) 0 :

q
<
t = � A sin

< ) 0 t -:m = - f 0 t sin ) 0 t

2 ) 0

Forced Damped OscillatorJ
q - 2 t Dq - ) 0

2 q � f
<
t =
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m

 is the damping factor

( F � 1
2

b
D
q2 ,

5
F D � 2 b

D
q )

f
<
t = � f 0 cos j t

qh

<
t = � ; eu vxw�y i z|{ t ;A}�~) � ) 0

2
2 t 2  is the so-called natural frequency

Real solution:
evxw t � Re ; cos ) t

2
Im ; sin ) t �; � a ei �  where � , n����( Re qn

<
t = � a ev�w t cos

< ) t -:m =(  Complex phase n  of �  is the physical phase of the oscillation.

The complex solution:
f � f 0 ei � t

q
<
t = � ; ev�u w�y i z�{ t -�� ei � t

(first term: transient response;
second term: steady state response;)� � f 0) 0

2
2 j 2 - 2 i t�j

Phase difference �  between the driving force to ei � t  and �  isF � arctan

Im � f 0� �
Re � f 0� �

f 0� � ) 0
2
2 j 2 - 2 i t�j ( tan F � 2 t�j) 0

2
2 j 2

Steady state amplitude:� � � � � f 0 �< ) 0
2
2 j 2 = 2 - 4 t 2 j 2� � �  has maximum whenj � ) 0

2
2

2 t 2

maximum value is�
f 0

�
2 �
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6. Rigid Bodies

6.1 Introduction

6.1.1 Rigidity and Kinematics

Definition : A rigid body is anextendedcollectionof point particlessothat thedistance
between any two of them remains constant.

The configuration of the body:�
by position of an arbitrary point (3 coordinate)�
by its orientation relative to the axes of an inertial system (3 angles)( dim � � 6

Common: fixed point = pivot

If sum of the externalforcesvanishes ( centerof massdoesnot accelerate,may serveas pivot
even if body has no fixed point
Henceforth: assume that there is an inertial point  A  in the body

Describe motion of a rigid body in the inertial frame. Rigidity implies:

(1)that thereis an instantaneousaxis of rotation �h , i.e. a line in the body that passesthroughthe
origin A  and is instantaneously at rest.

(2)all points in the body moveat right anglesto �h at speedsproportionalto their distancefrom
this instantaneous axis

Inertial point A � � center of mass
pivot

X � A ,
f
x � � fx � g const

d
d t

<
x2 = � 2 5x D5x � 0(  There mus be a line �h  in the body that is instantaneously stationary.�h  ist instantaneous axis of rotation , speed of X  is �x ��� r x .h : instantaneous angular speed or rate of rotation

http://www.skriptweb.de
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Definition : Instananeous angular velocity vector:fh :

fh¥ fh ¥ g �h ; 
¥ fh ¥ g�h ;¦ §fx g fh©¨ fx

6.12 Kinetic Energy and Angular Momentum

In inertial system, origin A . Mass density ªO« fx ¬ .

T ­ 1
2 ®°¯x2 ±³²x ´�µ ±³²x ´ d3 x ­ 1

2 ®©¯x2 d m ;¶
xk ·¹¸ k l m º l xm ; (implied summation)¯x2 ­ ¯xk ¯xk ­O» k l m ¼ l xm » k i j ¼ i x j ­ ±¾½ l i

½
m j ¿ ½ l j

½
m i ´ ¼ l ¼ i xm x j ­ ¼ l

±�½
l i x2 ¿ xl xi ´ ¼ i

T ­ 1
2 ¼ l À ®OÁ ½ l i x2 ¿ xl xi Â d m Ã ¼ i ­ 1

2 ¼ l I l i ¼ i ­ 1
2
²¼ÅÄ I↔ ²¼ ;

I l i Æ ® ±'½ l i x2 ¿ xl xi ´ d m
are the elements of the inertia tensor or inertia matrix  (G: Trägheitstensor)

T ­ 1
2
²v Ä m ²v

I Ç 0 È É I Ê 1 ; I
↔

 is symmetricÈ diagonalizeby orthogonaltransformation È thereis an orthogonalcoordinatesystemwhose

basisvectorsare eigenvectorsof I
↔

. In this coordinatesystem I
↔

is diagonal:principal axis

system(G: Hauptachsensystem),theeigenvaluesof I
↔

arecalledprincipal momentsor moments

of inertia  (G: Hauptträgheitsmomente).

I
↔ ­ Ë I 1 0 0

0 I 2 0
0 0 I 3 Ì

T ­ 1
2
± I 1 ¼ 1

2 Í I 2 ¼ 2
2 Í I 3 ¼ 3

2 ´º k  are the components of 
fh  in the principal axis system.

Example: Uniform cube of side s ; pivot A  is at a corner.
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I 1 1 ­ I 2 2 ­ I 3 3 ­Vµ ® 0s d x1 ® 0s d x2 ® 0s d x3
± x2

2 Í x3
3 ´|­ 2

3
µ s5

I 1 2 ­ I 2 3 ­ I 3 1 ­ ¿ µ ® 0s d x1 ® 0s d x2 ® 0s d x3 x1 x2 ­ ¿ 1
4
µ s5

I ­ 2
3

M s2

1 ¿ 3
8 ¿ 3

8¿ 3
8

1 ¿ 3
8¿ 3

8 ¿ 3
8

1

;

M Î ª s3 g mass of the cube

Eigenvalues and eigenvectors of the matrix

A ­ Ï 1 Ð ÐÐ 1 ÐÐ Ð 1 Ñ , ÐÒ­ ¿ 3
8

det ± A ¿OÓ E ´Ô­ 0 ­ det Ï 1 ¿OÓ Ð ÐÐ 1 ¿ Ð ÐÐ Ð 1 ¿�Ó Ñg « 1 ÕÒÖ×¬ 3 Õ 3 � 2 « 1 ÕOÖ×¬ÔØ 2 � 3 g « 1 ÕOÖÙÕ � ¬ 2 « 1 ÕÒÖÚØ 2 � ¬Ó 1 ­ 2 Ð Í 1 ­ 1
4
È ²q1 ­ 1

3 Û 1
1
1 ÜÓ 2 ­ Ó 3 ­ 1 ¿ ÐO­ 11

8
È ²q2 Ý ²q3 Ý ²q1È I 1 ­ 1

6
M s2 , I 2 ­ I 3 ­ 11

12
M s2 ;

Angular Momentum

The angular momentum of the rigid body is²
J ­ ® µ ± ²x ´ ²x Þ ¯²x d3 x ­ ® ²x Þ ¯²x d m
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6.1 Introduction Page 77/106ß ²x Þ ± ²¼ Þ ²x ´ à i ­O» i j k x j » k l m ¼ l xm ­ ±'½ i l
½

j m ¿ ½ i m
½

j l ´ x j ¼ l xm ­ ±�½ i l x2 ¿ xi xl ´ ¼ l

J i á I i l â l or ãJ á I
↔ ãâ

Example:

²¼ ­ äæå0
0 ç²

J ­ 2
3

M » 2 è 1 Ð ÐÐ 1 ÐÐ Ð 1 é�ê å00 ë ­ M » 2 å 2
3¿ 1
4¿ 1
4

6.1.3 Dynamics

The equation for rigid body motion was (2.4.5):

N Z á ìãJZ

Z : both vectors must be calculated about the center of mass or about a pivot

Space and Body System

1) A noninertial system, called the body system B , is fixed in the body and moves with it.

Note: We shall denotecolumn vectorsthat contain the componentsof a vector in a
given coordinatesystemwithout an arrow. Sincethe componentsxB of the position
vector ²x  of any point in the body are fixed, ìxB á 0 .

2) An inertial system,calledthe spacesystem S . We write xS for the representationof ²x in S
and ìxS í 0 .

Both origins are at A  (inertial point). For some time both coordinates coincide.
Supposesomesuchcoordinatesystemis specified.Then ²x is fixed in the body, ¯²x is the rateof
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changeviewedfrom thespecifiedsystemand óô is theangularvelocity of thebodywith respectto
the specified system.
In particular, if the system S  that coincides instantaneously with B , õóx ö óô©÷ óx  readsìxS á�â B ø xB  (*)

We can extend (*) to an arbitrary vector ²s  in the body, one that may be moving in the body system 
B . Its velocity ìsS relativeto theinertial system S is thevelocity â ø sB it would haveif it were

fixed in B  and velocity ìsB  relative to B :¯sS ­ ¼ B Þ sB
Í ¯sB  (**)

Tells us how to transform velocity vectors between B  and S .

If  ¯s  in this equation is angular velocity,¯¼ S ­ ¼ B Þ ¼ Bù ú
0

Í ¯¼ B ­ ¯¼ BÈ  The body and space representations of óô  and õóô  are identical.

Dynamical Equations

If (**) is applied to ¯s û J̄ìJS áüâ ø JB ý ìJB á�â ø¹þ I B âOÿÔý I B ìâÈ  Equations of motion reads N S ­ ¼ Þ ± I � ´ Í I ¯¼ .

In the principal axis system, this reads
N 1 ­ ± I 3 ¿ I 2 ´ ¼ 3 ¼ 2

Í I 1 ¯¼ 1

N 2 ­ ± I 1 ¿ I 3 ´ ¼ 1 ¼ 3
Í I 2 ¯¼ 2

N 3 ­ ± I 2 ¿ I 1 ´ ¼ 2 ¼ 1
Í I 3 ¯¼ 3

Euler Equations

Rigid bodies: 6 degrees of freedom

Inertial point, pivot:� remains fixed� center of mass�
d ²s
d t � S

­ � d ²s
d t � B

Í ²¼ Þ ²sóô  instaneous angular velocity
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óN Z ö d
d tS � óJZ � ö d

d tS � I
↔ óô �²

I Z  = angular momentum

I
↔

 = inertial tensor

Write down in body system: I
↔ ­ cent²

N B ­ d
d tB

²
JB
Í ²¼ B Þ ²

JB ­ I
↔ Ä ¯²¼ Í ²¼ Þ � I

↔ ²¼ 	
Principal axis system:

I
↔ ­ 
 I 1 0 0

0 I 2 0
0 0 I 3 �

N 1 � 
 I 3 � I 2 ��� 3 � 2 � I 1 �� 1

N 2 � 
 I 1 � I 3 � � 1 � 3 � I 1 �� 2

N 3 � 
 I 2 � I 1 ��� 2 � 1 � I 1 �� 3

Euler Angles

let x , y , z  denote axes of space system
x1 , x2 , x3 ~  body system�

, � , �
�
x , y , z � ↔

�
x1 , x2 , x3 �
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Rotations through finite angles: not commutative!
Angular velocity vectors are commutative.

Therefore,  !#" $%↔ & $'↔ & $(↔
Euler angular velocity vectors are directed along their instantenous axes of rotation:�)↔ *

x3 ,
�+↔ *

z ,
�+↔ *

modal line of 2 planes,-/.102-
x , - y , - z 3  in space system4�#� � � 1 , � 2 , � 3 �  in body system� 1 � �5 sin 6 sin 7 � �6 cos 7� 2 � �5 sin 6 cos 7 � �6 sin 7� 3 � �5 cos 6 � �7

6.1.4 Example: Jet-Driven Space Craft

m � 2000 kg
radii of gyration 8 x1 � 8 x3 � 1,5 m ; 8 x2 � 1.75 m9  the principal moment of inertia in x-direction is I 1 � m 8 x1

2 , I 2 � m 8 x2

2 , I 3 � m 8 x3

2

Initially, thespacecraftis at rest.Then,thejet fires for 1 s. It hasa thrustof 25 N thatactsparallelto
the x3 -axis.: Axis of precession?: Angular velocity and the rates of precession after the jet has stopped?

1st part: let t � 0  be the time when the rocket is turned on. We use the body system.4
M � I

↔ �4�/� 4�#; � I↔ 4� � � I 1 �� 1

4
e1 � I 2 �� 2

4
e2 � I 3 �� 3

4
e3 � O

� � 2 �
http://www.skriptweb.de
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6.1 Introduction Page 81/106< 2 = ><  during that 1 s.4
M � 4r ; 4F � � s1

4
e1 � s2

4
e2 � ; F

4
e3 ; 

�
s1 , s2 � � � 4 m , 2.5 m � ;4

M �?� s2 F
4
e1 � s1 F

4
e2@ �� 1 �A� s2

F
I 1
�?� C1@ �� 2 �?� s1

F
I 2
�A� C 2@ �� 3 � 0

t B 0 : C i D 0 EFB 0� 1

�
t � �A� C1 t� 2

�
t � �?� C2 t� 3

�
t � � 0

After 1 s:� 1

�
1 � � � 2.5 m G 25 N

2000 kg
�
1.5 m � 2 G 1 s �H� 0.0139radI s� 2

�
1 � �A� 0.0163rad I sJ 2 K J

1
2 L J

2
2 M NPOJRQ 1 S NTK 0.02 rad U s

tan V � � 1� 2
� 0.85 @ V � 1 � � 44,5°

The capsule is rotating around a momentary axis that points along the negative 1- and 2 direction.4
L � I 1 � 1

4
e1 � I 2 � 2

4
e2 � I 3 � 3

4
e34

L
�
1 � �A� 2000

�
1.5 � 2 � 0.0139� 4e1 � 2000

�
1.75� 2 � 0.0163� 4e2

tan W � L1

L2
� 0.63 @ W � 1 � � 32 °

2. part
Motion after rocket has stopped. t � 0
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6.1 Introduction Page 82/106`aRb 1 c , L̀ b 1 c  became initial values for the subsequent motion.
Remain in body system: dM e 0

i.e. f d gL
d t h Spacesystemi 0 jkgL does not change in the space system.

I 1 lm 1 npo I 3 q I 2 r m 2
m

3 i 0
I 2 lm 2 n1o I 1 q I 3 r m 1

m
3 i 0

I 3 lm 3 n1o I 2 q I 1 r m 1
m

2 i 0
I 1 i I 3 j lm 2 i 0 j m

2 o t r i m 2 o 0 r i q 0.0163rads s
A i I 2 q I 1

I 1

; B i m 2 o 0 r ;  jlm 1 q A B m
3 i 0lm 3 n A B m
1 i 0t

1 uwv ek t , t 3 uwx ek tj m
1 o t r i C cos ozy t n1{|rm
3 o t r i q C sin ozy t np{|r , }�~ A B

t i 0 : m 1 o 0 r i q 0.0139rad s s , m 3 o 0 r i 0j  � ~ 0m
1 o t r i m 1 o 0 r cos y tm
3 o t r i m 1 o 0 r sin y t}w~ A Bm
1
2 o t rFn m 3

2 o t r i m 1
2 o 0 r

Rotationaboutx2-axis in the o x1 , x2 r -plane, �� alsomaintainsits initial angulardisplacement�
with respectto thex2-axis.Theconethat tracesout is calledthebody cone(„Polkegel“): motion is
with respect to o x1 , x2 , x3 r  fixed in the body.

Frequency of rotation around the x2-axis: P i A B i q 0.0059rad s s ; gL  stays fixed.

Inertialsystem: �� rotatesaround gL with a frequencyof rotation � . This motionalsogeneratesa
cone called the space cone („Spurkegel“).
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Theseconeshavealwaysa commonline of contact.Thus, �� actsasaninstantaneousaxis andthe
general motion can be characterized by noting that the body cone rolls on the fixed space cone.

Calculate rotation frequency � :
P will turn through a distance d s ~ a � d t about �� . It will also turn through a distance
d s ~ b � d t  with respect to L . j
a � ~ b ����� ~ � sin �

sin � ~ 0.2616
rad
s

.

6.2 Lagrange Equations for Rigid Bodies

d
d t o I↔ gm r i gM

efficient only if gM i 0  or fixed in body.

We consider pivoted bodies and take the origin of the body system in that pivot.
Pivot i X o center of massr j  rotational and translational motion are decoupled
Pivot i fixed j  only rotation

We choose3 Euler angles � , � , � as generalizedcoordinates.We assumethat the potential
energy depends only on those coordinates and on time. Then

L o�� , � , { , l� , l� , l{|r i T rot q U i gm�� o I↔ gm r
2 q U oT� , � , { , t r

In principal axes, we have, in terms of the body-system components I i  and � i

T rot i I 1
m

1
2 n I 2

m
2
2 n I 3

m
3
2

2

L o�� , � , { , l� , l� , l{|r i I 1

2 o l� sin { sin � n l{ cos � r 2n I 2

2 o l� sin { cos � q l{ sin � r 2 n I 3

2 o l� cos {�n l� r 2 q U oz� , � , { , t r
http://www.skriptweb.de
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7. Hamiltonian Formulation of Mechanics
In somecases,a systembecomeseasierto understandandto discussby choosingthe generalized
coordinates q � and the generalizedmomenta p� rather than q � and lq � as independent
variables. Such a change in variables produces pairs of first-order rather than second-order ODEs.

p� i�� L� lq �  (*)

d
d t

p� i�� L� q �  (**)

d q �
d t i lq �

L , lq areall functionsof o q , lq , t r ratherthanof o q , p , t r . Assumewe caninvert (*) to getlq  in terms of o q , p , t r . The right hand side of (**) can be transformed: Replace lq  in � L s � q
by lq � o q , p , t r . The partial derivativeof L o q , lq , t r with respectto q � is not the sameas
that of �L o q , p , t r i L o q , lq o q , p , t r , t r .� �L� q � i�� L� q � n � L� lq � � lq �� q � i�� L� q � n p� � lq � o q , p , t r� q �� L� q � i �� q ��� �L o q , p , t rFq p� lq � o q , p , t r��
The derivative of �L  with respect to p� :� �L� p� i�� L� lq � � lq �� p� i p� � lq �� p��� p� � �L o q , p , t rFq p� lq � o q , p , t r � i q lq �

Definition : H o q , p , t rF� p� lq � o q , p , t rFq �L o q , p , t r is calledtheHamiltonian
function or the Hamiltonian .

For many dynamical systems: E i H i T n V  where L i T q V .lq � i � H o q , p , t r� p� , lp� i q � H� q �
Hamilton's canonical equations: Are equations of motion in the Hamiltonian formalism.o q o t r , p o t r r -manifold.
The term „canonical“ means standard or conventional.

Examples:

1) The Lagrangian of a particle in a potential

L i m
2 o lx1

2 n lx2
2 n lx3

2 rFq V o x1 , x2 , x3 , t r
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pi i � L� lxi i m lxi

H o x , p , t r i � i pi

pi

m q m
2 � i pi

2

m2 n V o x , t r i 1
2 m o p1

2 n p2
2 n p3

2 rFn V o x , t r i T n Vlpi i q � H� xi i q � V� xi i F i¡
xi ¢¤£ H£ pi

¢ pi

m¥ m ¦gx i q gradV

2) The Lagrangian in an electromagnetic field was

L o q , lq , t r i 1
2

m lq � lq � q e § o q , t rFn e lq � A� o q , t r
( ¨�© 1 , 2 , 3  implied summations)
The generalized momentum pª  that is canonically conjugate to q

ª
.

pª i m lq ª n e Aª
This canonicallyconjugatemomentumis not equalto the dynamicalmomentum m lq ª but has
an additional contribution from A .

 j  H o q , p , t r i 1
2 m « � ª­¬ p� q e A� o q , t r¯® ¬ pª q e Aª o q , t r°®±n e § o q , t r ;

H i 1
2 m o gp q e gA r 2 n e § o q , t rj  m ¦gq i gF i e o gv ² gB n gE r ,gE i q g³ § q � gA� t

,

curl gA i gB
7.1 A Brief Review of Special Relativity

quantum mechanics:h ´ 0 ´ classical mechanics

relativity: c ´ µ ´ classical mechanics

Einstein'sspecialtheoryof relativity: comparesthe way a physicalsystemis describedby different
observers moving at constant velocity with respect to each other.

Galilean transformation ( V ¶ c ): One observerseesa certainevent gx , t ; secondobservergV : gx' , t' ;gx' i gx q gV t , t' i t

Lorentz transformation  ( gV · x1 -axis):

x'1 i y ¸ x1 q V x0

c ¹ , x' 0 i y º x0 q V x'
c » , x' 2 i x2 , x' 3 i x3 , x0 � c t , y i 1

1 q V2 s c2

Introduce 4-vectors x i o x0 , x1 , x2 , x3 r  ( c i 1 , light years for distance)
The geometry of the 4D-space-time-manifold is called Minkowskian .

In Euclidean gemoetry¼
s2 ©1½ ¼ x1 ¾ 2 ¿ ½ ¼ x2 ¾ 2 ¿ ½ ¼ x3 ¾ 2
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is invariant, where 
¼ÁÀ

x  is the separation between two points.
In Minkowskian geometry:ÂRÃ

2 Ä g ÅÇÆ Â x
Å Â

x
ÆÉÈAÊ­Ë Â

x0 Ì 2 Í Ë Â x1 Ì 2 Í Ë Â x2 Ì 2 Í Ë Â x3 Ì 2
where

¼
x Î ½ ¼ x0 ,

¼
x1 ,

¼
x2 ,

¼
x3 ¾ is the space-timeseparationbetween two events.Ï © 0 , 1 , 2 , 3 .

Minkowskian metric g ÅÐÆ È 0  if  Ï1ÑÓÒ ; g11 i g22 i g33 i q g00 i 1

Special relativistic generalization of Newton's equations is

m
d2 x Ô
d Õ 2 � m a Ô i F Ô Ö x ,

d x
d Õ , Õ ×

x , a , F arefour-vectors.The mass(calledthe rest mass) is a scalar.The scalar Ø is calledthe
proper time („Eigenzeit“): it is measured along the motion and is defined byË

d Ù Ì 2 ÈHÊ g ÅÇÆ d x
Å

d x
ÆqÚo d Õ r 2 i o d x1 r 2 n1o d x2 r 2 npo d x3 r 2 q d t2 i gv2 d t2 q d t2 i q­o 1 q gv2 r d t2

d Õ i d ty , y i 1

1 q gv2 s c2

4-vector generalization of the 3-vector velocity has components

u Ô © d x Ô
d Ø , g ÅÐÆ u

Å
u
Æ|Û?Ü

1j  velocities are limited in magnitude
u0 ©�Ý
uk i y vk �Ay d xk

d t
k i 1 , 2 , 3

vk  is the nonrelativistic velocity

Want to find Hamiltonian of this relativistic dynamics:
LR

Û
T Þàßv á Ü U Þ2ßx á

T , U are relativistic generalizationsof the kinetic and potentialenergies, gv and gx are the 3-
vectors.

The 3-velocity should satisfy the equationâ
LRâ
vk

Û
pk

(Latin indices go from 1 to 3, Greek indices from 0 to 3)

pk i m uk i m y vk i m vk

1 q gv2
, p0 © m Ý

where gv2 i o v1 r 2 n o v2 r 2 n o v3 r 2 . gv  is the 3-velocity of the particle.� T� vk i m vk

1 q gv2ã T ©Aä m 1 ä Àv2 ¿ C © ä mÝ ¿ C ;

v ¶ c j T å 1
2

m gv2 n u

Relativistic Lagrangian of a conservative one-particle system is
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LR ©?ä mÝ ä U ½ Àx ¾
Relativistic expression for energy

ER i � LR� vk vk q LR i pk vk q LR i pk vk q LR i m y gv2 n my n U o gx ri m y æ 1 q 1y 2 ç n my n U o gx r i m yAn U o gx rè H R

Û â LRâ
vk vk Ü LR

Û pk pk

m é ê mé ê U Þ ßx á ,y i 1

1 q gv2 i 1 n gv2

1 q gv2 i 1 nwy 2 gv2

m ÝA© À
p2 ¿ m2 À

p2 Î pk pkj
H R

Û ßp2 ê m2 ê U Þ2ßx á
6.1.1 The Relativistic Kepler Problem

We take

U i q e2

r
.

1916 Sommerfeldobtains correct first-order expressionsfor the fine structure of the hydrogen
spectrum.

H i gy 2 n m2 q e2

r
, r 2 i gx � gx

Motion is constrained to a plane j  number of freedoms is 2: r , ë
H i pr

2 n pì2
r 2 n m2 q e2

r
, p ì iR� L� l§ , pr i¤� L� lrë  is again cyclic j pì i conserved

r © r ½ ë ¾  instead of r © r ½ t ¾ , ë © ë ½ t ¾
Hamiltonian equations of motion j
r i q

1 nîí cos ïñð o § q § 0 r°ò
where ó , ô , q  depend on e , c , pì  and the total energy E .ð i 1 q e2

c2 pì2 õ 1

r © r ½ ë ¾  is not a conic section, i.e. the orbit does not close. Orbit looks like a precessing ellipse.j  fine structure in a hydrogen atom.
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7.2 Canonical Transformations

7.2.1 Hamilton's Principleö
S ï q òø÷ öúù

t1

t2

d t L ÷ öúù d t û püþýq ü­ÿ H û q , p , t ��� ÷ 0� ÷ 1 , � , n S ÷ S ï q ò , q û t1 � , q û t2 �
S ï q , p ò . For given boundary values

ö
q û t1 � ÷ ö q û t2 � ÷ 0 ,

ö
p û t1 � ÷ ö p û t2 � ÷ 0

ö
S ï q , p ò ÷ ù

t1

t2

d t

� � ýq ü ÿ�� H� pü � ö p
ü ÿ � ýpü
	 � H� q ü � ö q

ü �
used:
ù

pü ö ýq ü d t ÷ ÿ ù ýpü ö q ü d t

Hamiltonian equations of motion ��
 S � 0
 S � q , p ��� 0  Hamilton's Principle

Because we have 
 q � 0  and 
 p � 0  at the boundaries, we can add
d
d t

F û q , p , t � ,

the transformation

pü ýq ü ÿ H � pü ýq ü ÿ H 	 d
d t

F û q , p , t �
leaves the canonical equations of motion invariant.

7.2.2 Choice of Coordinates and Momenta

Can we introduce new coordinates and momenta in such a way that the canonical equations have the
same form but are easier to solve? Can we find a function H' û q , p , t �  such that
Q ü ÷ Q ü û q1 , p , t � , P ü ÷ P ü û q , p , t �  (canonical transformation)

that do:ýq ü ÷ � H� pü , ýpü ÷ ÿ � H� q ü
into:ýQ ü ÷ � H'� P ü , ýP ü ÷ ÿ�� H'� Q ü
?
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t1

t2

d t û pü ýq ü ÿ H û q , p , t ��� ÷ öúù
t1

t2

d t û P ü ýQ ü ÿ H' û Q , P , t ��� ÷ 0� pü ýq ü ÿ H ÷ P ü ýQ ü ÿ H' 	 d
d t

F û q , p , Q , P , t �
Function F  is called generating function of the transformation.
F  depends only on 3 sets of independent variables such as q , P , t  or q , Q , t .

Let us choose F ÷ F û q , Q , t � :
d F û q , Q , t �
d t ÷ � F� q ü ýq ü 	 � F� Q ü ýQ ü 	 � F� t

 �
pü ÷ � F û q , Q ,t �� q

ü ÷ pü û q , Q , t �
P ü ÷ ÿ � F û q , Q ,t �� Q

ü ÷ P ü û q , Q , t �
H' û Q , P , t � ÷ H û q , p , t � 	�� F û q , Q , t �� t

Example: The Hamiltonian of an oscillator is

H � p2

2 m � m � 2 q2

2 � �q � p
m

, �p ��� m � 2 q

For the generating function

F  q , Q !�� m �
2

q2 cot Q

p ÷ � F� q ÷ m " q cot Q

P ÷ ÿ#� F� Q ÷ m " q2

2 sin2 Q
Can be inverted to give

q � 2 P
m � sin Q , p � 2 m � P cosQ

H'  Q , P !�� H  q  Q , P ! , p  Q , P !�!��$� P cos2 Q � � P sin2 Q �%� P

The new variable Q  is cyclic. The canonical equations areýP ÷ ÿ#� H'� Q ÷ 0 , ýQ ÷ � H'� P ÷ "& P � const � H'� � E� ; Q  t !���� t ��' ;

7.3 Hamilton-Jacobi-Equation

Can we find a canonical transformation W û q , Q , t �  such that

(*)  H' û Q , P , t � ÷ H û q , p , t � 	 � W� t ÷ 0  ?

Conditionleadsto a PDE for W that is calledthe Hamilton-Jacobi equation. It is ideally suited
for studying the relations between mechanics, optics, quantum mechanics. The equation (*) obeys:
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pü ÷ � W û q , Q , t �� q
ü ÷ pü�û q , Q , t �

P ü ÷ ÿ � W û q , Q , t �� Q
ü ÷ P ü û q , Q , t �

H' ÷ 0 � ýQ ü ÷ 0 , ýP ü ÷ 0 � Q ü ÷ a ü ÷ const, P ü ÷ bü ÷ const

Hamilton-Jacobi equation:

H ( q ü , � W û q , a , t �� q1

, � , � W û q , a , t �� qn

, t ) 	 � W û q , a , t� t

Assume we have solved this PDE and found
W û q1 , q2 , � , qn , a1 , � , an , t �

that depends on n  constants of integration a ü . This solution leads to the equation

pü ÷ � W û q , a , t �� q
ü �inversion

q ü ÷ q ü û a , b , t �
bü ÷ ÿ � W û q , a , t �� a

ü �inversion
pü ÷ pü û a , b , t �

If  H  does not explicitly depend on time,
W û q , a , t � ÷ S û q , a � ÿ E t

H * q ü , � S û q , a �� q
ü + ÷ E

Example (cone on a tilted plane (homework)):

H ÷ 1
2 m , px

2 	 pz
2 - 	 m g z

1
2 m . � S û x , z �� x / 2 	 1

2 m . � S û x , z �� z / 2 	 m g z ÷ E

PDE Ansatz:
S û x , z � ÷ S1 û x � 	 S2 û z �0

d S1

d x 1 2 	 0 d S2

d z 1 2 	 2 m2 g z ÷ 2 m E  or2
d S1

d x 3 2 ÷ f û z � ÷ const ÷ a2

d S1

d x ÷ a2

d S2

d z ÷ 2 m E ÿ a2 ÿ 2 m2 g z

S1 ÷ a2 x

S2 ÷ ÿ 1

3 m2 g
û 2 m E ÿ a2 ÿ 2 m2 g z � 32
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S ÷ S û x , z , E , a2 � ÷ a2 x ÿ 1

3 m2 g
û 2 m E ÿ a2 ÿ 2 m2 g z � 32

px ÷ � S� x
, pz ÷ � S� z

, b1 ÷ ÿ4� S� E
	 t , b2 ÷ ÿ5� S� a2� x û t � , z û t � , px û t � , pz û t �ÿ 1

m g
2 m E ÿ a2 ÿ 2 m2 g z ÷ t ÿ b1� z û t � ÷ ÿ g

z
û t ÿ b1 � 2 	 2 m E ÿ a2

2 m2 g
÷ ÿ g

2
t2 	 c1 t 	 c2�  parabola
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8. Nonlinear Dynamics

8.1 Introduction

Irregular, unpredictable time evolution = „chaos“

Chaotic dynamical systems are deterministic.
For non-chaoticsystems:slight changein initial conditionsleadsto differencesin the phasespace
trajectories that grow linearly in time.
For chaotic system, the error grows exponentially in time.�  „Sensitivity to initial conditions.“ (1913 Poincaré)

For chaos, the irregularity is not caused by random forces, but is part of the intrinsic dynamics of the
deterministic system.

Necessary conditions for chaotic motion:

(a) the system has at least 3 independent dynamical variables

(b) the equations of motion contain a nonlinear term that couples at least 2 of the variables

Example: damped, sinusoidally driven pendulum of mass m  (weight W ) and length l :

m l2 d2 6
d t2 7�8 d 6

d t 7 W l sin 6#9 A cos :<; D t =
In dimensionless form:
d 6
d t2 7 1

q

d 6
d t 7 sin 6#9 g cos :>; D t =

q  is the damping (or quality) parameter, g  is the forcing amplitude, ? D  is the drive frequency.

Rewrite:
d ;
d t

9%@ 1
q
; @ sin 6 7 g cos A

d A
d t

9 ; D

d 6
d t

9 ;A  is the phase of the drive term. 3 variables (; , 6 , A ).

8.2 Tools for Chaotic Systems

8.2.1 Phase Space

Phase space: diagram û Bx , Bv �  or û Bx , Bp �
Undamped pendulum in small amplitude approximation: sin CED�C
d2

d t2
	 C ÷ 0 ; ;GF d 6

d t H
d ;
d t

9�@I6 ,
d 6
d t

9 ; H 6E9 a cos t , ; 9 a sin t .

In a deterministic system, trajectories have the following properties:

(a) Orbits do not cross each other.
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(b) Conservativedeterministicsystemspreserveareasin phasespace,i.e. all pointsin a givenarea
of phase space move in such a way that these points occupy the same area at all times.

The propertyof volume/areapreservationleadsto a classificationof a dynamicalsysteminto 2
categories:J

conservative (linearized, undamped)J
dissipative (linearized, damped)

depending on whether the phase volumes stay constant or contract, respectively
d2 6
d t2 7 d 6

d t 7 6K9 0 L�; 946K9 0

Attractor : Point in phasespace:a finite setof initial coordinates : 6 , ;M= convergesto it. The set
of curves that divide one basin of attraction from another is called separatrix.

8.2.2 Poincaré Section

Fully nonlinear, driven, and dampedoscillation. For moderatelydriven pendulumsystem,the
resulting closed orbit is an attractor, it is called a limit cycle.

A Poincarésectionis constructedby viewing the phasespacediagramstroboscopicallyin sucha
waythat themotion is observedperiodically.For a drivenpendulum,thestrobeperiodis theperiod
of the forcing ? D .

8.3 Visualization of the Pendulum's Dynamics

d ;
d t

9%@ ;
q
@ sin 6 7 g cos A

d 6
d t

9 ;
d A
d t

9 ; D

8.3.1 Sensitivity to Initial Conditions

Observe the phase space evolution of a block of pendulum states.

8.3.2 Phase Diagrams: Chaos and Self-SimilarityJ
Drive force amplitudes g  will be varied.J " D ÷ 2

3
, q ÷ 2

3-D space : 6 , ; , AN= , 2-D space, Poincaré sections

g ÷ 1.5 : Poincarésectionshowsa chaoticattractor,calledstrange attractor . The fine structure,
when magnified, resemblesthe grossstructure.This property is called self-similarity . One can
characterize these objects by non-integer or fractal dimension:
d O 1  but d P 2 , the attractor is more space-filling than a line but less than an area.

8.3.3 Bifurcation Diagrams

View the dynamicsmore globally over a rangeof parametervalues:bifurcation diagrams. In
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dynamics,a changein the numberof solutionsto a differential equationif a parameteris variedis
called bifurcation.
Pendulum: examine a graph of ;  at a fixed phase in the drive cycle versus the drive amplitude.

Wheneveranotherstablestationarysolutionpopsup,onehastheeffectof period doubling. System
cycles between two values of ;  for each set of initial conditions.

Mechanicaloscillatorpossesses2 stableoscillationfrequencies;thesystemcanbetunedto eitherof
them by appropriate initial conditions: mechanical flip-flop.

8.4 Towards an Understanding of Chaos

xn Q 1 R f SUT , xn V
 xn  n-th value of x W û 0 , 1 � ; X : parameter; f : û 0 , 1 � � û 0 , 1 �  map

8.4.1 The Logistic Map

xn Y 1 ÷ f û xn � ÷[Z xn û 1 ÿ xn � , x W]\ 0 , 1 ^
d x
d t ÷[Z x û 1 ÿ x � Verhulst, 1845

The fixed point is stablefor all initial conditionswhen X 9 2 . Remainstrue for all X where_
f' û x � _ P 1 at the intersectionof f and xn Q 1 R xn . As soonas

_
f' û x � _ O 1 at the intersection,

the fixed point oscillates.The passageto chaosthrough a sequenceof period doublingsis one
important feature of the logistic map. The period doubling mechanism is one route to chaos.
Theratio of spacingsbetweenconsecutivevaluesof X at the bifurcationsapproachesanuniversal
constant, called Feigenbaum number.

lim
k `ba T k c T k d 1T k Q 1 c T k

RMeER 4.669201f
8.4.2 Ljapunov Exponent

= Quantitative measure of the sensitive dependence upon initial conditions.

Initial states, x  and x 7hg , then after n  iterations their divergence may be characterized byi û n �jD i ek n

where Lyapunov exponent l  gives the average rate of divergence.
If  l#m 0  �  evolution is not chaotic.
If  l#n 0  �  nearby trajectories diverge �  chaotic.

xn Q 1 R f S xn V
After n-th step:
f o n p û x0 	 i �Fÿ f o n p û x0 �jD i en k  or

ln q f o n p û x0 	 i �Fÿ f o n p û x0 �i r D n s
f o n p û x � ÷ f û f û f û � f û x � � � �  is the value after n-th iteration. For small g ,spû x0 � ÷ lim

n tbu 1
n

ln vd f o n p û x0 �
d x0

v
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Apply chain rule for the second iteration:
d
d x

f o 2 p û x � w
x0

÷ d
d x

f û f û x �x� w
x0

÷ f' û f û x0 �x�Uy f' û x0 � ÷ f' û x1 �zy f' û x0 �
x1 ÷ f û x0 �spû x0 � ÷ lim

n tbu 1
n

ln vd f o n p û xn �
d x0

v ÷ lim
n tbu 1

n
ln {}|

i ~ 0

n � 1

f' û xi � { ÷ lim
n tbu 1

n �n ~ 0

n � 1

ln � f' û xi ���
The Ljapunov exponent gives the stretching rate per iteration,

averaged over the trajectory.

8.4.3 Intermittency Route to Chaos

By intermittency  we mean the occurance of a signal that alternates randomly between long, regular,
periodic phases (so-called intermissions) and relatively short irregular bursts.

xn � 1 � f � xn � if mapapproachesbut doesnot crosstheline xn � 1 � xn andrunsnearlytangential,
one gets intermittency:
Celestial mechanics:Asteroids betweenMars and Jupiter: maintain seemingly stable, almost
circular orbits for  years, suddenly develop large eccentricities �  shooting stars.

8.4.4 Phase Locking

Phaselocking is saidto occurwhenthe ratio of the frequencyof a pendulumto that of the forcing
becomes locked to a ratio n � m � n , m �h�h� , over some finite domain of parameter values.

Standard Map�
n � 1 � � � n 	N��� K

2 � sin � 2 � � n � � mod1

There are 2 parameters �x� , K � and � n � � 0 , 1 � . The modulo function guaranteesperiodic
boundaryconditions. � is rotationfrequencyof „winding number“in theabsenceof nonlinearity(
K � 0 ). K  strength of nonlinear coupling of the oscillator to the forcing.

K � 0 :� n � 1 � � n �N� mod1 ;��� 0.4 : 0.3 0.7 0.1 0.5 0.9 0.3

After 5 iterations return to initial value; 2 revolutions; � W � 2 � 5 � 0.4 �N� .

Whenever � is rational,themapis periodic.Whennonlineartermis added,modelocking occurs:
the motion becomes periodic even when �  is irrational.

8.5 Characterization of Chaotic Attractors: Fractals

Dimension of a geometrical object: Hausdorff-dimension or capacity-dimension.

Considera curveof total length L . Assumethatwe cancompletelycoverthis line by N �¡ ¢� one-
dimensional boxes of size    on a side.
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N �£ ¤�¦¥§ ¨� L ; N �x ¢��� L
1  ;

2-D square of side L  can be covered by

N �x ¢��� L2 © 1  ª 2

boxes.

For 3-D cube: Exponents are 3.

N «�¬®­°¯ Ld ± 1¬ ² d ³
d ¯ ln N «x¬¤­

ln L ´ ln « 1 µz¬¤­
dHausdorff ¯ lim¶z· 0

ln N «x¬¤­
ln « 1 µz¬¤­

Koch curve:

N  
1 1

4 1/3

16 1/9

4n ¸
1
3 ¹ n

dH ¯ n ln 4
n ln 3

¯ ln 4
ln 3

¯ 1.26
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9. Basic Concepts of Electrodynamics

9.1 Electrostatics

Static charge distribution º �¦»r � . Force that is felt by a test charge (´ e ) due to º �¦»r � :
Force º � e »E � »x �¼
E « ¼x ­�¯ 1

4 ½¾¬ 0 ¿�À « ¼x' ­ « ¼x Á ¼x' ­Â ¼
x Á ¼x'

Â 3 d3 x'¬ 0  = vacuum permittivity or dielectric constant of vacuum¬ 0

¼ÃÅÄ ¼
E ¯ ÀGauss's Law

E Æ »x Ç���È 1
4 ÉÊ  0

»Ë Ì º Æ »x' ÇÍ »x È »x'
Í d3 x' Î%È »Ë Ï Æ »x Ç

curl grad Ð 0 : ¼Ã Ñ ¼
E ¯ 0Ë 2 Ï È º  0

Poisson equation

PDE for 
Ï ÆU»x Ç :

(a) º
(b)boundary conditions for 

Ï Æ »x Ç  on a closed surface
2 types of boundary conditions that occur frequently:Ò

Dirichlet boundary condition: 
Ï

 = preset value

Ò
von-Neumannboundarycondition: En Ó%ÔÖÕ n × (= normalderivativeof

Ï
) is specifiedon

a closed surface: Õ n ×¾Ó 0

9.1.1 Multipole Expansion
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Ï Æ¦Ûx Ç�Ü 1
4 É¾Ý 0 Þ�ß Æ Ûx' Çà Ûx È Ûx'

à d3 x'

Taylor expansion of 1 á â ãx ä ãx' â  in terms of powers of ãx' :åå
x' i

1â ãx ä ãx' â æèçx' é 0 ê ä åå
xi

1â ãx ä ãx' â æèçx' é 0 ê ä åå
xi

1
r

; r Î ë Ûx ë ;
1â ãx ä ãx' â ê 1

r
äíì

i é 1

3

x' i

åå
xi

1
r

f î<ãx ä ãx' ï ê f î<ãx ï�ðíì
i é 1

3

x' i

å
få

x' i

ðNñòð 1
2

ì
i , j é 1

3

x' i x' j

åå
xi

åå
x j

1
r
ðNñ

4 ó¾ô 0 õ î<ãx ï ê q
r
ð ãp ö�ãx

r 3 ð 1
2

ì
i , j é 1

3

Qij

xi x j

r 5 ðNñ
q ê ÷ d3 x' ø#î ãx' ï  is total chargeãp ê ÷ d3 x' ãx' øEî ãx' ï  dipole moment

Qij ê ÷ d3 x' î 3 x' i x' j ä r' 2 ù
ij ïúøûî ãx' ï  quadrupole momentü 1

r ê 0 for r ý 0

9.2 Magnetostaticsãþ ö ãB ê 0  no free magnetic charges, no monopoles

Electric current density: ãJ  = in units of positive charge crossing unit area per unit time.
Direction of motion ÿ ãJ
Units: Amperes per square meter
Current density is confined to a wire �  current ê J ö A .

Microscopically: point charges at 
�
xi  with velocities 

�
vi :øûî ãx , t ï ê � i qi

ù î ãx ä ãxi î t ï�ïãJ î<ãx , t ï ê � i qi ãvi î t ï ù îUãx ä ãxi î t ïxï
�

: Dirac's delta function (is a functional):÷ d x f î x ï ù î x ä x0 ï ê f î x0 ï
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Distribution:

lim	�

0 ÷ d x f î x ï ôî x ä x0 ï 2 ðNô 2 ê f î x0 ï

Conservation of charge demands relation between ß ↔ ÛJ  via continuity equation�
J 
 �x , t ��� V ����

V

d3 x q 
 �x � �v 
 �x , t �
d
d t ê ÷V d3 x' ø#î ãx' , t ï�ð��

S

d ãS ö ãJ î ãx' , t ï ê 0

Gauss's theorem:÷V d3 x'

� å øûî ãx' , t ïå
t

ð div ãJ î ãx' , t ï � ê 0� ß� t � ÛË�� ÛJ Ü 0

Magnetostatics: steady-state phenomene � ãþ ö ãJ ê 0

Considera filamentarywire which carriesa constantcurrent I . In the presenceof otherconductors
(e.g. current-carryingwires) that wire feels a force. The elementalforce d ãF experiencedby a
current element d ã l  of the wire obeys
d F � I , d F � �d ãl � , d ãF � d ã l

d ãF î ãx ï ê I d ãl  ãB î ãx ï
magnetic induction ãB  or magnetic flux density ãB
We now determinethe magnitudeof ãB generatedby a current-carryingwire: Consideragaina
filamentary wire.
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The elemental flux density d ãB  generated by a current element d ãl  at an observation point P  is

d ãB ê $ 0

4 ó I
d ãl  [ãx% ãx % 3$ 0 ê î�ô 0 c2 ï'& 1  vacuum permeability

Biot-Savart-LawãB î ãx ï ê $ 0

4 ó)( ãJ î ãx' ï* î ãx ä ãx' ï� ãx ä ãx' � 3 d3 x' ê $ 0

4 ó ãþ  ( ãJ î ãx' ï� ãx ä ãx' � d3 x'� ãþ ö ãB ê 0  (corresponding to ãþ  ãE ê 0 )ãþ  ãB îUãx ï ê $ 0
ãJ î¦ãx ï

+
S ,-/. ,B 0 ,n d a 132 0

+
S ,J 0 ,n d a4

C ,B 0 d ,l 132 0

+
S ,J 0 ,n d a 1�2 0 I

I  is the total current passing through the closed curve C . Ampere's law.ãB î ãx ï ê ãþ  ãA î ãx ïãA î ãx ï ê $ 0

4 ó)( ãJ î ãx' ï� ãx ä ãx' � d3 x' ð þ 5 î ãx ï6
A 7 6A 8:9 ;  Gauge transformationãþ  �î ãþ  ãA ï ê $ 0

ãJãþ î ãþ ö ãA ï�ä þ 2 ãA ê $ 0
ãJãþ ö ãA ê 0 ; (but 
69�<=9 ;?> 0  for arbitrary ; )�  Coulomb gauge (fixes ; )ãþ 2 ãA î ãx ï ê ä $ 0

ãJ
Magnetic field ãH : ãB ê $ 0

ãH
http://www.skriptweb.de
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9.2 Magnetostatics Page 101/106�  Ampere's law: ãþ  ãH ê ãJ
Dielectric displacement: ãD ê ô 0

ãE�  
69�< 6D BDC  ( div

6
D BDC )

Force always contains ãE  and ãB  ( H  and D  are only auxiliary elements)

9.3 Time-Varying Field

Time-dependent magnetic fields induce electric fields and vice versa �  electromagnetic fields

9.3.1 Faraday's Law

Faraday 1831 observed that a transient current is induced in a circuit if

a) the steady current flowing in an adjacent circuit is turned on or off

b) the adjacent circuit with a steady current flowing is moved relative to the first circuit

c) a permanent magnet is thrust into or out of the circuit

Faradayinterpreted(correctly)the transientcurrentflow asbeingdueto a changingmagneticflux
linked by thecircuit. Thechangingflux inducesanelectricfield aroundthecircuit, the line integral
of which is called electromotive force EE :

The magnetic flux passing through the circuit is
F F�G

S HB I Hn d a

The electromotive force around the circuit isJ
E FLK

C HE' I d HlãE'  is the electric field at the element d ã l  of the circuit measured in the rest frame of the circuit.

Faraday: EE ê ä d F
d t

The induced electromotive force aroundthe circuit is proportionalto the time rate of changeof
magnetic flux linking the circuit.
Thesignis specifiedby Lenz's law: inducedcurrent(andaccompanyingmagneticflux) is in sucha
direction as to oppose the change of flux through the circuit.

Experimentallyverified that the samecurrentis inducedin a circuit whetherit is movedwhile the
circuit throughwhich currentis flowing is stationaryor it is held fixed while the current-carrying
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circuit is moved in the same relative manner.

We can write Faraday's law more generally asN
C

ãE' ö d ã l ê ä d
d t OS ãB ö ãn d aP

d Qa

Let us move the circuit C  with velocity ãv .

The area of the circuit changes by d ãa ê ãv d t  d ãl ; d ãa ê ãn d a .
d
d t OS ãB ö ãn d a ê OS å ãBå t

ö ãn d a ð OS ãB ö å ãaå t ê O å ãBå t
ö ãn d a ð N

C

ãB ö î ãv  d ãl ïR S
d Ql T U QB V Qv WX

C Y ãE' ä ãv  ãB Z ö d ã l ê ä\[S å ãBå t
ö ãn d a

In an inertial frame: Let us consider S  and C  fixed in space.X
C

ãE ö d ãl ê ä\[S å ãBå t
ö ãn d aãE  is electric field in inertial system. Galilean invariance implies �  ãE'  in the moving system,]

E'
BS ^ ]EIS _ ]v ` ]B

Faraday's law in differential form: ãE , ãB  are definded in same frame.[
S a ãþ  ãE ð å ãBå

t b ö¡ãn d a ê 0ãþ  ãE ð å ãBå
t ê 0

9.3.2 Maxwell's Displacement Current and Maxwell's Equations

Ampere's law: ãþ  ãH ê ãJ , for steady state ãþ ö ãJ ê 0 .
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9.3 Time-Varying Field Page 103/106ãþ ö ãJ ê ãþ ö î ãþ  ãH ï ê 0 ;ef�g e
J hjilki t m 0

Coulomb's law: 
ef�g e

D m k  or ô 0
ãþ ö ãE ê øãþ ö ãJ ð å øå

t ê ãþ ö n ãJ ð å ãDå
t o ê 0

Maxwell 1865:ãJ p ãJ ð å ãDå
t

Ampere's law:ãþ  ãH ê ãJ ð å ãDå t

�  Electromagnetic radiation!

Light is an electromagnetic wave phenomenon and these waves of all frequencies can be produced.ef�g e
D m k  (Gauss's law)ãþ  ãH ä å Då

t ê ãJ  (Ampere's law)ãþ ö ãB ê 0  (no magnetic monopoles)ãþ  ãE ð å ãBå
t ê 0  (Faraday + Lenz)

9.4 Wave Propagation: Plane Electromagnetic Waves

No source, infinite spaceãþ ö ãE ê 0
1$ 0

ãþ  ãB äNô 0

å ãEå
t ê 0 / ãþ  ãþ ö ãB ê 0ãþ  ãE ð å ãBå

t ê 0 / ãþ  
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B stvuwyx uw{z u

B |} ~
0 � w 2

u
B � 1

c2 ii t

r ef q e
E s m 0

ä þ 2 ãB ð 1

c2

å 2å
t2
ãB ê 0� þ 2 u ä 1

c2

å 2 uå
t2 ê 0 u ê Ei , Bi

u ê ei �k � �x � i � t

Wave vector ãk  and frequency �
� k2 h � 2

c2 m 0

k m �c m 2 ��
If we consider waves propagating in the x-direction, fundamental solution:
u î x , t ï ê A ei k x � i � t ð B e� i k x � i � t ê A ei k � x � c t � ð B e� i k � x � c t �

The general solution of the wave equation is
u î x , t ï ê f î x ä v t ï ð g î x ð v t ï� The equationrepresentstraveling waves;traveling to the right and the left with velocitiesof

propagation v ê c .

v m �y� k  is called the phase velocity of the wave. The wave length is 
� m r 2 �ls � k .

Convention: Physicalelectricandmagneticfields by takingrealpartsof complexquantities,plane
wave fields areãE îUãx , t ï ê ãô 1 E0 ei �k � �x � i � tãB î ãx , t ï ê ãô 2 B0 ei �k � �x � i � t

E0  and B0  are complex amplitudes which are constant in space and time.ãô 1 , ãô 2  are constant real unit vectors.ãþ ö ãE ê 0 � ãô 1 ö ãk ê 0ãþ ö ãB ê 0 � ãô 2 ö ãk ê 0

Direction of propagation is ãk  �  transverse waves!ãþ  ãE ð��B ê 0 � i �£î ãk  ãô 1 ï E0 ä�� ãô 2 B0 � ei �k � �x � i � t ê 0�  solution:ãô 2 ê ãk  ãô 1

k

B0 ê 1
c

E0î ãô 1 , ãô 2 , ãk ï  form a set of orthogonal vectors and ãE , ãB  are in phase and possess a constant ratio.
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u
r
x , t s m 1

2 ������� A
r
k s ei k x � i � t d k

A î k ï
A
r
k s m 1

2 � ����� u
r
x , 0 s e� i k x d x

f î x ï ê 1

2 ó/����� A î k ï ei k x d k , A î k ï ê 1

2 ó/����� e� i k x f î x ï d x

1
2 ó ����� ei � k � k' � x d x ê ù î k ä k' ï ,

1
2 ó ����� ei k � x � x' � d k ê ù î x ä x' ï

ü
x ö ü k � 1

2

� î k ï ê c k
n î k ï
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e2B
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so that

v m �k m c
n
r
k s

dependson k or on the wavelength
� m r 2 �ls � k . Then,wavepacketwill spreadwith time asit

travels along, becausethe waves of different wavelengthpropagateat different speeds.This
phenomenon is called dispersion.
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